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ABSTRACT 

ELEMENTS OF EQUILIBRIUM METHODS FOR SOCIAL ANALYSIS 

Murat P.. S e r t e l  

Submitted t o  the  Alfred P. Sloan School of Management - - 
I .  

on January 22,  1971 

i n  p a r t i a l  f u l f i l l m e n t  of t h e  requirements f o r . t h e  

Degree of Doctor of Philosophy 

The s tudy  is introduced by a first chap te r .  

The second c h a p t e r ,  "Formal Elckments of S o c i a l  Systems", f i r s t  
gives s e t - t h e o r e t i c a l  d e f i n i t i o n s  f o r  a b s t r a c t  s o c i a l  svstents and t h e i r  
elements,  e s t a b l i s h i n g  some terminology and n o t a t i o n  as w e l l .  It is  then 
discussed how a s o c i a l  system is a g e n e r a l i z a t i o n  of a n  economv and how 
t h e  l a t t e r  is, i n  t u r n ,  a g e n e r a l i z a t i o n  of a game. 

Chapter 3, "Topological Foundations o f  S o c i a l  Systems ," develops some 
c o n t i n u i t y  and convexity r e s u l t s  f o r  behavors i n  s ta t ic  and dynamic s o c i a l  
systems - a l l  of which are def ined i n  t h e  previous chap te r  - a f t e r  
p re sen t ing  some mathematics which is of speczlal u s e  i n  s o c i a l  a n a l y s i s .  
"his mathematics i nc ludes  some f a c t s  concerning hyperspaces,  a t reatment  
of semi-linear t o p o l o g i c a l  spaces and t h e i r  f i x e d  p o i n t  p r o p e r t i e s  as 
m v e s t i g a t e d  by Prakash and S e r t e l ,  and some f u r t h e r  f a c t s  r e l a t i n g  t o  
t h e  c o n t i n u i t y  and convexity p r o p e r t i e s  of o b j e c t i v e  f u n c t i o n a l s  and 
t h e i r  a s s o c i a t e d  infimum and supremum f u n c t i o n a l s ,  d e a l i n g  with f e a s i b l e  
regions as p o i n t s  i n  s u i t a b l e  hyperspaces.  

Chapter 4 ,  "Evolution and Equi l ibr ium i n  S o c i a l  Systems", f i r s t  
d i scusses  some no t ions  r e l a t e d  t o  social .  e q u i l i b r i a ,  Sncluding Nash, 
Pa re to ,  and c o r e  p o i n t s ,  and then demonstrates e x i s t e n c e  r e s u l t s  f o r  
s o c i a l  e q u i l i b r i u m  f o r  s t a t i c  and dynamic s o c i a l  systems. The c o n t r a c t u a l  
set i.e., set of s o c i a l  e q u i l i b r i a ,  is proved t o  be  non-vacuous f o r  a type  
of s ta t ic  s o c i a l  system and fou r  types  of dynamic s o c i a l  system. I n  t h e  
s t a t i c  case, Fan's f i xed  po in t  theorem is app l i ed .  I n  t h e  f o u r  dynamic 
t y p e s  of s o c i a l  system, a more powerful theorem is needed, as a f i x e d  
point  i s  sought i n  a semi- l inear  space. A f ixed  p o i n t  theorem of Prakash 
and- S e r t e l  f i t s  t h e  specification.?.and is app l i ed .  I n  a l l  t h e  cases where 
the c o n t r a c t u a l  se t  is  shown t o  be non-empty, i t  is shown t o  be  compact 
as w e l l .  For c e r t a i n  s o c i a l  systems the  c o n t r a c t u a l  set is shown a l s o  

- 



iii 

to 

of 
of  

be  convex. 

. The f i f t h '  and f i n a l  chap te r  d i s c u s s e s  "Extensions and Applicat ions"  
t h e  framework and theory above. The f i r s t  extension i n d i c a t e d  is t h a t  
p r o b a b i l i s t i c  s o c i a l  systems. For t h e s e ,  a n o t i o n  of  a behavior  as a 

p r o b a b i l i t y  measure on a sigma-field of a c t i o n s  is  o f f e r e d ,  matters 
p e r t a i n i n g  t o  t h e  measurable numerical r e p r e s e n t a b i l i t p  o f  p re fe rences  
s e t t l e d ,  and a n o t i o h  of p r o b a b i l i s t i c  s o c i a l  'system formalized. Second, as an 
a p p l i c a t i o n ,  a fram&work f o r  t h e  a n a l y s i s  of power is suggested,  a f t e r  a 
c e r t a i n  c a u s a l  r e l a t i o n  of an event  inducing ano the r  is formally introduced.  
The r e s u l t i n g  concept and measure of  power is presented as a c o r r e c t e d  
g e n e r a l i z a t i o n  and f o r m a l i z a t i o n . o f  Dahl 's  concept and measure of power. 
The importance of equ i l ib r ium methods fo r  power a n a l y s i s  based on t h e  above 
i s  c l a r i f i e d .  Third,  i t  i s  i n d i c a t e d  how social  svstems may be  viewed 
as evo lu t iona ry  systems, modifying t h e  n o t i o n  of dynamical system, so t h a t  
t h e  a t t r a c t i o n  and ~ s t a b i l i t y  o f ' c o n t r a c t u a l  sets and cores  may be 
i n v e s t i g a t e d .  F i n a l l y ,  t h e  l a r g e  t o p i c  of the  midance of  s o c i a l  svstems 
and o rgan iza t ions  v ia  i n c e n t i v e  schemes, information systems and o t h e r  
means i s  d i scussed  as an area of a p p l i c a t i o n ,  sugges t ing  a l s o  a number of 
extensions which promise u s e  i n  t h e  area of  l e g i s l a t i o n  and t h e  a n a l y s i s  
of  mu l t i - l eve l  s o c i a l  systems. - 



iv 

ACKNOWLEDGMENTS -. 
I owevery s p e c i a l  thanks t o  Zenon S.-Zannetos f o r  more reasons than  

I can mention h'ere, 

support ing research climate t h a t  surrounds him, 1 could n o t  have w r i t t e n  

what I have and enjoyed i t  - which I d i d  - -as  much as I have. 

If i t  were n o t  f o r  t h e  free, welcoming and 
/ 

/ 

He has  

spen t  many, many hours l i s t e n i n g  t o  my w i l d e s t  con jec tu res  and channelled 

them i n t o  more f r u i t f u l  d i r e c t i o n s  than they may have been heading f o r .  

And he w a s  always one person I could count on f o r  b e i n g  i n t e r e s t e d  i n  a 

thought t h a t  I had and f o r  being c r i t i ca l  about i t .  I could n o t  t h ink  of 

a b e t t e r  supe rv i so r  than t h a t .  

been f r e e  of any a n x i e t y  and f u l l  of w a r m  p r o f e s s i o n a l  and pe r sona l  

Afso, t h e  work environment under him has 

r e l a t i o n s ,  l eav ing  one t o  do what one wants: t each ing  and r e sea rch .  

To my f r i e n d  and p a r t n e r  Prem Yrakash, I owe t h e  deb t  of many 

long n i g h t s  of u n f o r g e t t a b l e  adventures i n  l e a r n i n g  and c r e a t i n g  which we .  

shared. 

fundamental p o r t i o n  of t h i s  work i s  our  in sepa rab ly  j o i n t  product .  This 

(Not once d i d  he  complain because of my odd hours) .  A 

i nc ludes  t h e  semi- l inear  spaces ,  t h e i r  f i x e d  p o i n t  p r o p e r t i e s  and t h e  

a p p l i c a t i o n  of t h e s e  t o  t h e  e x i s t e n c e  of  dynamic equi l ibr ium. 

c o u l d  h a r d l y  owe more t o - a n y  one person s o  d i r e c t l y . .  

The s tudy 

' M y  d e a r  f r i e n d  and co l l eague  Paul R. 

g r e a t e r  c o n t r i b u t i o n  t o  t h i s  s tudy  than I 

t e x t .  H e  has  been my t u t o r  i n  a l l  matters 

and has  helped m e  work ou t  a gr&t  number 

p r o b a b i l i s t i c  social systems. T h i s  s tudy  

Kle indor fe r  has  had a much 

could g i v e  r e f e r e n c e  t o  i n  t h e  

r e l a t i n g  t o  measure theory 

of p o i n t s  concerning 

has  b e n e f i t e d  i n  many ways 

. .  



V 
, 

from i n s i g h t s  gained through our  j Q i n t  r e sea rch  r e l a t i n g  t o  t h e  c o r e  

and t o  t h e  c o q t r o l l i n g  of s o c i a l  systems,  

The memgers of my t h e s i s  committee, F rede r i ck  W. Frey, Jeremy 

F. Shapi ro ,  Robert M. Solow and, of course ,  t h e  chairman, Zenon S .  

Zannetos, have a l l  o f f e red  v a l u a b l e  i n s i g h t s  and advice .  

t o  thank them s i n c e r e l y  f o r  the t i m e  they spent i n  ' s tudying my manuscript .  

Cons.idering the..,social va lue  of t h e i r  t i m e ,  t h i s  h a s  been a c o s t l y  t h e s i s ,  

indeed. 

I should l i k e  _- 

I have had many t eache r s ,  and l i s t i n g  them would be  b c a s t i n g ,  given 
, 

. who many of them are. I should l i k e  q u i e t l y  t o  sp read  a b l a n k e t  of thanks 

over  t h a t  l ist.  But  t h r e e  t e a c h e r s  - I must make e x p l i c i t ;  Peter G.  Franck 

who in t roduced  me to Economics; T u z r u l  Taner,-who in t roduced  me  t o  ' 

Mathematics;  and Michael A. H. Dempster who in t roduced  me t o  t h e i r  

_- 

combination. To Terence Gorman I owe t h e  debt  of an observer  of h i s  

example. 

I should l i k e  t o  thank Margaret Cunnane f o r  s u f f e r i n g  through my 

n o t a t i o n  i n  typ ing  t h e  manuscript  and f o r  keeping.me aware of dead l ines .  

My thanks t o  t h e  i n v e n t o r  of t h e  phrase  "last b u t  tlot least" are 

now due, as I thank my w i f e ,  Ayse, f o r  showing t o  m e  t h a t  my thoughts  

could be understood i n  Turkish,  i f  no t  in Engl i sh ,  and f o r  provid ing  a 

home where I enjoyed my work i n  peace of mind. 

owe a l l  t h e  t h i n g s  t h a t  are owable t o  no-one else. 

. To my p a r e n t s  I 
rr . .  

This  r e sea rch  w a s  p a r t i a l l y  supported by NASA Grant No. NGL 22-009-309. 

.. 
F. -.-. .. 



vi 

... TABLE OF CONTENTS 

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . .  
/ ACKNOWLEDGEMENTS . . . . . . .  i . . . . . . . . . . .  i . 

1 . INTRODUCTION . . . . . . . . . . . . . . . . . . .  
2 . FORMAL ELEMENTS OF SOCIAL SYSTEMS . . . . . . . .  
2.1 P r e l i m i n a r i e s  . . . . . . . . . . . . . . . . . .  
2.1.1 Standing Notat ion . . . . . . . . . . . . . . .  
2.1.2 D e f i n t i t i o n s  . . . . . . . . . . . . . . . . .  
2.1.3 Standing Terminology and Notat ion . . . . . . .  
2.1.4 Discussion . . . . . . . . . . . . . . . . . .  
2.1.5 D e f i n i t i o n  . .  . . . . . . . . . . . . . . .  
2.1,6 Standing Topological Conventions and TerminoLogy 

2.1.7 P r o p o s i t i o n  (Exis tence of S)  . . . . . . . . .  
2.1.8 Note (Preference and Incen t ives )  . . . . . . .  

. 2.2 G a m e s .  Economies and S o c i a l  Systems . . . . . . .  
2.2.1 D e f i n i t i o n  . . . . . . . . . . . . . . . . . . .  
2.2.2 D e f i n i t i o n  . . . . . . . . . . . . . . . . .  .. 
2.2.3 Note . . . . . . . . . . . . . . . . . . . . .  
3 . TOPOLOGICAL FOUNDATIONS . OF SOCIAL SYSTEMS . . .  .. 
3.1 Topological  P r e l i m i n a r i e s  . . . . . . . . . . . .  
3.1.1 Standing Notat ion . . . . . . . . . . . . .  .. .. 
3.1 .2  Hyperspaces . . . . . . . . . . . . . . . .  ...- 
3.1.3 R s t  Spaces . . . . . . . . . . . . . . . . . .  

;i 

ii 

iv 

1 

2 

3 

3 

.5 

6 

9 

13 

14 

15 

15 

17 

17 

18 

18 

23  

24 

26 

27 

34 



. 
3 . 1 . 4  S p e c i a l  Fac t s  Basic t o  . Optimizat ion . . . . . .  
3 . 2  Topological  P r o p e r t i e s  of Behavors i n - S t a t i c  Soc ia l  

Systems . . . . . . . . . . . . . . . . . . . . .  
. .  . .. 3 . 2 . 1  Theorem . . . . . . . . . . . . . . . . . . . . . . .  

3 . 2 . 2  Coro l l a ry  . . . . . . . . . . . . . . . . . . .  
3 . 2 . 3  Corol la ry  . . . . . . . . . . . . . . . . . . . .  
3 . 2 . 4  Lemma . . . . . . . . . . . . . . . . . . . . . .  
3 . 2 . 5  Coro l l a ry  . . . . . . . . . . . . . . . . . . . .  
3 . 3  Topological  P r o p e r t i e s  of Behavors m Dynamic S o c i a l  

Systems . . . . . . . . . . . . . . . . . . . . .  
3 . 3 . 1  Theorem . . . . . . . . . . . . . . . . . . . . .  
3 . 3 . 2  Coro l l a ry  . . . . . . . . . . . . . . . . . . .  
4 . EVOLUTION AND EQUILIBRIIJH I N  SOCIAL SYSTEMS . . . . .  
4 . 1  Notions of S o c i a l  Equi l ibr ium . . . . . . . . . . .  
4.1.1 D e f i n i t i o n  . . . . . . . . . . . . . . . . . . . .  
4 . 2  Evolut ion and Equi l ibr ium i n  S t a t i c  Soc ia l  Systems 

4 . 2 . 1  Notat ion and Convention . . . . . . . . . . . . . .  
4 . 3  Evolut ion and Equi l ibr ium i n  D y n a m i c  S o c i a l  Systems 

4.3.1 Types of Dynamic S o c i a l  Systeins . . . . . . . . . .  
4 ; 3 . 2  Types of Evolut ion and Equi l ibr ium f o r  Dynamic 

. S o c i a l  Systems . . . . . . . . . . . . . . . . . .  
4 . 3 . 3  Exis tence  of  Dynamic S o c i a l  Equi l ibr ium . . . . .  
4 . 3 . 4  Compactness and Convexity Resu l t s  f o r  Dynamic 

Cont rac tua l  S e t s  . . . . . . . . . . . . . . . .  
? . .. .. 

5 . EXTENSIONS AND APPLICATIONS . . . . . . . . . . . . . . . .  
5 . 1  Towards the  Analysis  of P r o b a b i l i s t i c  Social Systems 

34 

4 2  

4 3  

44  

44 

46 

46  

47 

4 8  

49 

5 0  

52  

5 3  

5 8  

5 8  

6 4  

6 5  

6 9  

71 

76 

78 

80 



v i i i  

5.1.1 Action 2nd Behavior. . . . . . . . . . , . . . . . 
5.1.2 The Representat ion o f  Preference .  . .. . . . . . 
5.1.3 P r o b a b i l i s t i c  S o c i a l  Systems. . . . . . . . . 
5.2 Toward a Framewhrk for t he  Analysis  of  Power . . . 
5.2.1 D e f i n i t i o n  . . . . . . . . . . . . . . . . . 

- .  _- _. 

5.2.2 R e m a r k . . . . . . . . ; . . . . .  . . . . . . .  
5.3 

5.4 

Towards t h e  Analysis  of A t t r a c t i o n  and S t a b i l i t y  

Towards the Planning and Control of Organizat ions 

REFERENCES 

81 

85 

92 

98 

99 

99 

10 7 

112 

123 



1. INTRODUCTION 

This  s tudy  is 

of equ i l ib r ium can 

s o c i a l  a n a l y s i s  is 

s y s t e m s  and s o c i a l  

motivated by t h e  b e l i e f  t h a t  n o t i o n s  and methods 

be  developed and app l i ed  .- i n  s o c i a l  a n a l y s i s .  By 

meant t h e  p o s i t i v e  and normative s tudy  of s o c i a l  

phenomena. 

The f i r s t  t h i n g  t o  do w a s  t o  c l a r i f y  and reduce t o  a f e w  t h e  

no t ions  needed, assembling them i n  a c o n s i s t e n t  framework con ta in ing  

a l l  t h a t  is needed and noth ing  t h a t  is no t .  The key notion h e r e  is 

t h a t  os  a s o c i a l  system. 

t h e o r e t i c a l l y .  Next i t  i s  equipped wi th  c e r t a i n  t o p o l o g i c a l  p r o p e r t i e s .  

For c l a r i t y  and p u r i t y ,  i t  is def ined  set- 
- 

To do anything wi th  t h e  no t ion  of equ i l ib r ium f o r  s o c i a l  s y s t e m s ,  

i t  has  t o  be  demonstrated t h a t  such a t h i n g  e x i s t s ,  and t h a t  i t  e x i s t s  f o r  

a wide enough c l a s s  of s o c i a l  sys tems.  This is done. Extensions and 

a p p l i c a t i o n s  are d iscussed .  

Since each chap te r ,  except  t h e  p r e s e n t ,  begins  with a n  i n t r o d u c t i o n ,  

t h e  r eade r  w i l l  be spared a lengthy  i n t r o d u c t i o n  here .  
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2. FORi4AL ELEMENTS OF SOCIAL SYSTEMS 

The p r e s e n t  chap te r  f i r s t  g ives  d e f i n i t i o n s  f o r  s o c i a l  

systems and t h e i r  e lements ,  a l s o  in t roduc ing  some b a s i c  terminology 

and n o t a t i o n  t o  b e  used i n  t h e  seque l .  

' s o c i a l  system' as def ined  i s  then compared wi th  t h e  more f a m i l i a r  

'economy' and 'game', i n  bo th  of which the  e x i s t e n c e  and va r ious  

- 
/ - 

The formal no t ion  of a 

o p t i m a l i t y  and s t a b i l i t y  p r o p e r t i e s  of equ i l ib r ium have been 

i n v e s t i g a t e d  ex tens ive ly  and equ i l ib r ium methods of a n a l y s i s  

have long been used f r u i t f u l l y .  This  comparison, from which 

games emerge as r e s t r i c t e d  versxons of economies and t h e  lat ter 

emerge as r e s t r i c t e d  ve r s ions  of s o c i a l  systems, is intended t o  

provide  pe r spec t ive  and con tex t  w i t h i n  which t o  e v a l u a t e  t h e  

framework and r e s u l t s  presented  i n  t h i s  s tudy .  
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2 . 1  P r e l i m i n a r i e s  

This..sec$ion is designed t o  in t roduce  t h e  b a s i c  n o t i o n s  and 

some of t h e  n o t a t i o n  and.terminology t o  b e  used i n  t h e  sequel .  

The central ,  n o t i o n  is t h a t  of a s o c i a l  system, de f ined  set- 
- 

t h e o r e t i c a l l y  i n  2.1.2 af ter  some n o t a t i o n  is e s t a b l i s h e d  i n  2.1.1.  

Some terminology and f u r t h e r  n o t a t i o n  i s  e s t a b l i s h e d  i n  2.1.3 

t o  r e f e r  t o  t h e  elements of ' soc i a l  systems and t o  some important  

formal o b j e c t s  which are de r ived  from t h e s e  elements.  The d i s c u s s i o n  

i n  2.1.4 t u r n s  from matters of d e f i n i t i o n  and deno ta t ion  t o  t h e  

intended connotat ion of t h e  terminology introduced,  so  as t o  
' 

provide some i n t u i t i v e  grounding f o r  t he  r e a d e r ' s  formal under- 

s t and ing .  This  is  done by examining t h e  t y p i c a l  manner i n  which 

t h e  elements of  a s o c i a l  system ope ra t e .  I n  t h i s  way it  is 

hoped a l s o  t o  communicate t h e  motivat ion f o r  t h e  way i n  which 

t h o s e  elements are named. A motivat ion f o r  t h e  n e x t  d e f i n i t i o n ,  

2.1.5, d i s t i n g u i s h i n g  between s t a t i c  and dynamic s o c i a l  systems, 

is a l s o  de r ived  from t h a t  d i scuss ion .  

of  t h e  d e f i n i t i o n  of s o c i a l  svstems is 

some r e q u i s i t e  t opo log ica l  conventions 

The cons i s t ency  

checked by 2.1.7, a f t e r  

and terminology are 

e s t a b l i s h e d  i n  2.1.6. F i n a l l y ,  2.1.8 adds a n o t e  t o  c l a r i f y  

t h e  important n o t i o n  of ' i ncen t ive '  i n  s o c i a l  systems. 

2 .1 .1  Standing Motation: The empty set w i l l  be denoted by 6 .  

The set of real numbers w i l l  b e  denoted by I?. -.-. 

For any set X ,  [ X I  w i l l  denote  the  s e t  of  non-empty s u b s e t s  

of X.  Whenever [ X I  is endowed with a - topo logy ,  t h a t  topologv 
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, 

w i l l  a t  least  be as f i n e  as the  upper s e m i - f i n i t e  (us f )  topology. 
. 

(For t h e s e  no t ions ,  see 3.1.2 o r  t h e  classic work of Michael 

(1951) concerned wi th  topologies  'on spaces  of s u b s e t s  .) 

The r a t h e r  u sua l  symbols 'IT' and 'a '  w i l l  be  used t o  - _.- 

denote ,  r e s p e c t i v e l y ,  products  and p r o j e c t i o n s .  A s  r ega rds  

products ,  an important  word of  cau t ion  is due. Whenever t h e  

product is  t h e  Car t e s i an  product of mere sets, t h e  product  is t o  

be understood merely as such. Whenever i t  is a product  of 

topologized sets, the  product is  t o  b e  understood as equipped 

wi th  t h e  product topology. Whenever i t  is  the product  of 

s igma-f ie lds ,  it is t o  be l lnders tood  as the  product s igma-f ie ld ,  

and s i m i l a r l y  f o r  measure spaces. When the  index set is not  

very crowded, t h e  symbol ' x '  w i l l  a l s o  b e  used f o r  products .  

E.g., i f  {Xil i  E 1) i s  a family of sets indexed bv i E I ,  and 

i f  t h e  index  set I = { l , Z l ,  then the  product  may h e  w r i t t e n  

as XI x X2, r a t h e r  than llI{Xil  o r  

of which denote  t h e  same. 

I I ( X i l i  E I l o r  II Xi, a l l  
I i s  I 

As a s p e c i a l  k ind  of product ,  Yx 

w i l l  denote  t h e  set  of all func t ions  f:X -+ Y mapping X i n t o  Y ,  

i.e. such t h a t  f ( x )  E Y(x E X) .  (Of  course ,  ? is t h e  same as 

l l {YxlYx = Y).) 
X 

F i n a l l y ,  s u b s c r i p t s  of a w i l l  i n d i c a t e  t h e  

range of t h e  func t ion ,  so t h a t ,  e.g.,.n denotes  p r o j e c t i o n  i n t o  X.  X 
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2.1.2 Definition : A social system is an ordered seven-tuplet 

S = <Wi U, H, G, I, T, A > ,  where 

(2.1.2.1) 

(2.1.2.2) 

(2.1.2.3) 

(2.1.2.4) 

(2.1.2.5) 

- 
1 -- 

W = {X # @ ( a E A l #  @ 

is a non-empty family of non-empty sets X,, 
a 

from which we define X = nX,, Xa = II X 
A A {x) '' 

U = {u : X x R +  Rlcl E A} 

is an assoFiated family of real-valued functions 

u on X x R; (see also 2.1.8): 

CL 

a 

c1 H = (ha: X -f Xala E A )  

is an associated family of transformations h , 

of x : 
a 

a 

G = {ga: X + RIa E A} 

is an associated family of real-valued functions 

g, on X: 

I = {i : R x +  Rxla E A )  
a .:- 

is an associated familv of function-valued 

functions i assigning a real-valued function on 

X to each real-valued function on X: 
01 
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(2.1.2.6) 

i 

(2.1.2.7) 

i s  a n  a s s o c i a t e d  family o f  f u n c t i o n s  t 

a non-empty s u b s e t  of Xa t o  each ordered p a i r  

whose f i r s t  element is a p o i n t  x E X and second-  

a s s i g n i n g  a 

element belongs t o  t h e  product I'ID 

family {D la E AI of non-empty c o l l e c t i o n s  

of  a c e r t a i n  
A "  

a 

Da EXa] ; 

a A ={a:X x 1) -+ 1j 

is a self-indexe8 family of mappings 

[d a ]ICY. E A } . .  
a d 

(x" E Xa, dc E Da) , 

is def ined  as i n  2.'1.3.10 below. where Gi 
CY. 

2.1.3 Standing Terminology and ]\Jotation: L e t  S be  as i n  2.1.2. 

(2.1.3.1) X, w i l l  be c a l l e d  t h e  behavior 'space of a, 

and x w i l l  be  c a l l e d  a behavior  o f  a a 

i f f  xa E xa. 
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(2. I .3.2) 

(2.1.3.3) 

(2.1.3.4 

(2.1.3.5) 

Xa w i l l  be  c a l l e d  t h e  a-exchsive behavior  

space  of  S (or  of A ) ,  and x wi.11 b e  c a l l e d  

an a-exclusive behavior  o f  S (oil- of A) i f f  

0 -. 
a x E xa. 

- - -- 

X w i l l  b e  c a l l e d  the  (co l lec t i ive)  behavior  space  I 

of S (or of A ) ,  and x w i l l  be G a l l e d  a ( c o l l e c t i v e )  

hehavior  of S (o r  of A) i f €  x (E X. 

ua w i l l  b e  c a l l e d  t h e  u t i l i t y  %unction of a. 

The set  R A w i l l  sometimes be c a l l e d  t h e  

d i s t r i b u t i o n  space  o f ' s  (o r  mE A ) ,  gene r i c  

e lements  n(p 1 E R be ing  cTerJmated by p, s o  

t h a t n  

I n  t h i s  ca se ,  a po in t  p E RA w X l l  be c a l l e d  a 

d i s t r i b u t i o n  t o  A and p a  t h e  dkare of a i n  p. 

The func t ion  u: X x RA + RA, &fined by u(x,p) 

A 

A A a  
(p) = p a  , with  P. = iTI{RalRa = R , a  E A}.  

' a  :A 

t he  u t i l i t y  scheme of S (or ,A) .  
- 

h w i l l  be  c a l l e d  t h e  impresssmn func t ion  

of a .  The func t ion  h: X r+ e, def ined  by 

a 

49% 
h'(x) = IICh (w (x))) (x E X)) w i l l  be called 

A a x.a 
t h e  impr&sion scheme of S &E of A) .  
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(2 .1 .3 .6)  

( 2 . 1 . 3 . 7 )  

(2 .1 .3 .8)  

( 2 . i . 3 . 9 )  

(2.1.3.10 ) 

g, w i l l  b e  c a l l e d  t h e  i n c e n t i v e  func t ion  

f o r  'a. The func t ion  g: X -+ RA, defined by 

g(x)  = 

i n c e n t i v e  'scheme- fok (o r  o f )  S ( o r  f o r  A ) .  

nIg , (x) )  (x E X) w i l l  be called the  
A 

i o  

i, w i l l  be c a l l e d  t h e  i n t e r p r e t a t i o n  func t ion  

of  a -The func t ion  i: (R X A  ) .+  (Rx)A, def ined  

by i ( g )  = II(ia(g,)) ( g  E (RX)A), w i l l  be  

c a l l e d  t h e  i n t e r p r e t a t i o n  scheme of S (or of A ) .  
A 

t, w i l l  be c a l l e d  the  f e a s i b i l i t y  t ransformat ion  

f o r  a,  D, being c a l l e d  the  f e a s i b i l i t y  space of CL 

and a subse t  d, being c a l l e d  a f e a s i b i l i t y  

for  01 i f €  d, E DCL. 

t ( x , d )  = JI{t,(x,d)) (x E X: d = IIfd,), d, E D, , 
A A 

a E A ) ,  w i l l  be  c a l l e d  t h e  c o l l e c t i v e  f e a s i b i l i t y  

The f u a c t i o n  t ,  def ined by 

t ransformat ion  f o r  (o r  o f )  S (or  f o r  A ) .  

A w i l l  b e  c a l l e d  t h e  De.rsonne1 of S,  each member 

a E A being c a l l e d  a behavor . 

r 

For var'i'ous abbrev ia t ions ,  t h e  fol lowing 

a l t e r n a t e  notations w i l l  be used: 
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-; . 

The der ived  func t ion  w i l l  b e ' c a l l e d  t h e  

e f f e c t i v e  u t i l i t y  func t ion  of or. 

2.1.4 Discussion:  Although t h e  r igo rous  developmenE of formal r e s u l t s  

may n e c e s s i t a t e  t he  use  of uncommon t e r m i n o l o g  and symbolism, 

i t  i s  d i f f i c u l t  t o  overemphasize the  u s e f u l n e s s  (of be ing  a b l e  

t o  express  the  underlving p o s t u l a t e s  and e m e r  g r e s u l t s  of a 

theory  i n  i n t u i t i v e l y  p l eas ing  fash ion ,  reasozmibly w i t h i n  common 

language. The d i f f i c u l t i e s  i n  achiev ing  t h i s  s m r t  of a r e s t r i c -  

t i o n  t o  t h e  s imple and p l a i n ,  of course,  are c k  food on which 

t e c h n i c a l  ja rgon  and a l i e n a t e d  scholar i sm th rkxe .  

Rea l i z ing  t h a t  t h e r e  i s  no s c a r c i t y  of j a r g o n ,  e s p e c i a l l y  

' i n  t he  class of d i s c i p l i n e s  concerned w i t h  soc5al phenomena, 

t h e  a i m  i n  term-coining h e r e  cannot be t o  expamd t h e  p r e s e n t  

g los sa ry ,  as i t  would be f o o l i s h  t o  wish t o  i 'rr&gate t h e  sea. 

What t h e  a i m  is can be  expressed i n  two componemts: f i r s t ,  

t o  convey the  meaning of t h e  formal framework and  theorv i n  
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reasonably  common and u n a r t i f i c i a l  terminology, so t h a t  it is e a s i l v  

understood,  a t  least i n  i t s  broad o u t l i n e ;  and, second t o  o f f e r  

i n  t h i s  terminology some p r e c i s i o n  and conciseness  f o r  what are 

t h e  e s s e n t i a l  - elements  of t h e  framework and theo ry ,  t hus  hoping 

t o  b r i n g ' a t t e n t i o n  t o  what i s  a s m a l l  c l a s s  of important  e lements ,  

... 

whi le  g iv ing  t h a t  

and vagueness via 

Now t h a t  t h e  

a t t e n t i o n  a c l e a r  focus b y  e l h i n a t i n g  ambiguity 

t h e  formalism of d e f i n i t i o n .  

b a s i c  elements of a s o c i a l  sysltem have been 

def ined  and a long l ist  of terminology and notattion has  been 

in t roduced ,  some e l u c i d a t i o n  might be gained by t u r n i n g  t o  t h e  

connota t ion  of t h e  terms above. What t he  formalism of a s o c i a l  

system S i n  2.1.2-3 roughly amounts t o  can b e  expressed i n  p3ain 

language by d e s c r i b i n g  t h e  personnel  A and t h e  t y p i c a l  f e a s i b i l i t y  

t ransformat ion  ta. 

The personnel  A can be understood i n  t e r n s  sf i ts  t y p i c a l  

member a. 

which are i n  t h e  form of a (complete) p r e f e r e n c e  o rde r ing  

The t y p i c a l  behavor a has  i t s  i n d i v i d k a l  "tastes", 

represented  ( i n  order -preserv ing  f a sh ion )  by the u t i l i t y  

func t ion  ua . I n  gene ra l ,  t h e  u t i l i t y  achieved by a depends on 

both  i ts  own behavior  x and 

a l l  o t h e r s  i n  A. Furthermore,  i t  may depend on a real number 

E R, where p is  t o  be understood as e i t h e r  gncome o r  
pa a 

weal th ,  o r  s t a t u s ,  p r e s t i g e ,  power o r  any compml te  of t h i n g s  such 

as t h e s e  which can be expressed s u i t a b l y  i n  r e a X  numbers. 

t h e  (a-exclusive] behavior  xa of a 

, _ -  .. 
The 
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opera t ion  of M 

s o  as t o  opt im 

c o n s i s t s  of choosing a behavior ,  i . e. , behaving, 

ze  s u b j e c t  t o  t h e  c o n s t r a i n t  of ts f e a s i b i l i t y  

and s u b j e c t  t o  i ts  "percept ion" of t he  circumstances.  This - .  _- 
percept ion" i s  expressed summarily by the  impression func t ion  11 

h, and the  i n t e r p r e t a t i o n  func t ion  i,. "Observing" a c o l l e c t i v e  

behavior x E X, i t  is assumed t h a t  a "sees" the  component 

TI (x) = xu of x p e r t a i n i n g  t o  i t s e l f  as is. Although t h e  

component p e r t a i n i n g  t o  t h e  rest of  A is IT (x) = x , however, 

a ' s  impression ha(xa) may  very w e l l  be  d i f f e r e n t  from xa. Just 

as t h e  e q u a l i t y  h,(xa) = xa-need no t  ho ld ,  n e i t h e r  need t h e  

c1 
xa 

xa 

e q u a l i t y  b,(g,) = g, b e  s a t i s f i e d .  

i n c e n t i v e  func t ion  g t o  be some d i f f e r e n t  i n c e n t i v e  func t ion  

g, # g,. Now x , u,, h,, E,, and ia a l l  in f luence  t h e  choice  

x a m a d e  by a .  

impression h,(xa) = y". Having i n t e r p r e t e d  g, as i,(g,) = g,, 

t h e  real number r, = g,(x,,ya) i s  understood t o  be forthcoming 

as a func t ion  of t he  choice  x,. 

Thus a may " i n t e r p r e t "  t h e  

ct .. a 

Given an a -exc lus ive  behavior  xa, CL forms an 

.. 

Thus, ua(x,, ya,  r,) depends 

on t h i s  choice,  both d i r e c t l y  and through r,. This  p a r t l y  

d e f i n e s  t h e  Optimizat ion problem f o r  which a is t o  compute 

~ , a so lu t ion .  

The problem t o  be solved by c1 is ,  i n  gene ra l ,  one of  

cons t r a ined  op t imiza t ion .  That is t o  s a y ,  a p a r t  from t h e  f a c t  

. t h a t  y" i s  now f ixed ,  a l r e d y  imposing restraints on t h e  va lues  

t h a t  can be taken by ua i n  the  p re sen t  computatfons according 



12 

t o  t h a t  y", t h e  cho ice  of behavior  x 

w i t h i n  a c e r t a i n  set dacXa.  Th i s  se t ,  c a l l e d  a f e a s i b i l i t y ,  

is ' cons t r a ined  t o  b e  a -. 

is determined by t h e  f e a s i b i l i t y  t ransformat ion  t, , 

opera t ion  of a is completely descqibed __- by saying  t h a t  i t  

i d e n t i f i e s  t h e  set a(xa ,  da)  of behaviors  xa E: da which 

maximize ua( ' ,  y , ga( .  , y")) on d,. ( I f  S is  wel l -def ined,  

The 

ct 

a 
then  a ( x  , da) # @.) 

x 

which p a r t i c u l a r  one i t  is .  

Exact ly  one of  t h e s e  "best" behaviors  

E ct(xa, da) i s  chosen, i t  be ing  immater ia l  t o  a - and t o  us - a 

The f a sh ion  i n  which t h e  f e a s i b i l i t y  t ransformat ions  

o p e r a t e  can be  seen  by assuming t h a t  a f e a s i b i l i t v  d, is  given 
- 

f o r  each c1 EA and t h a t  each a chooses a behavior  xa E: d, i n  t h e  

manner a l r eady  descr ibed;  The c o l l e c t i v e  behavior  x = II{xal) 
A 

c 
a r i s i n g  i n  t h i s  way w i l l ,  i n  gene ra l ,  now a l te r  each f e a s i b i l i t y  

i n  t h e  f a sh ion  descr ibed  by t, . S p e c i f i c a l l y ,  each d, is  now 

transformed i n t o  ta(x,  d ) ,  where d = II{dS(f3 E. A )  EIID r e p r e s e n t s  
A A '  

t h e  family of f e a s i b i l i t i e s ,  inc luding  t h a t  (d,) of a, which , 

as c o n s t r a i n t s ,  had governed' t he  choice of x. In gene ra l ,  t h e  

e q u a l i t y  t,(x,d) = d, does n o t  ho ld ,  t, y i e l d i n g  c e r t a i n  

behaviors  x * E  da no longer  f e a s i b l e  f o r  a,  whi le  b r ing ing  

some behaviors  za 

z E t , (x,d).  

a 

{ da i n t o  t h e  new f e a s i b i l i t y  as elements 

a 

The ope ra t ion  of a l l  of t he  f e a s i b i l i t y  t ransformat ions  
r. 

summarized i n  t h a t  of t he  =;ol lect ive 

Given a c o l l e c t i v e  f e a s i b i l i t y  II{da 
A 

i s  

f e a s i b i l i t y  t ransformat ion  t . 
E D  Ic1 E A) = d E D =  IIDa 

a A 
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which c o n s i s t s  of c o l l e c t i v e  behaviors  ZEX such t h a t  71 (2) E: d 

(CY E A ) ,  and given a c o l l e c t i v e  behavior  x such t h a t  

71 (x) E. da(a E: A ) ,  t ( x , d )  = XEtCY(x,d)la EA) .  

XCY a 

A 
Thus, t o  summarize i n  n a t u r a l  language,a  s o c i a l  system 

i s  a c o l l e c t i o n  of behavors,  e a c h s e e k i n g  i t s  s e l f - i n t e r e s t  

s u b j e c t  ' t o  an i n c e n t i v e  func t ion  and guided by i t s  i n d i v i d u a l  

p re fe rences ,  by i ts  i n t e r p r e t a t i o n  of i t s  i n c e n t i v e  func t ion  

and by i t s  impression of t h e  o t h e r s '  behavior ,  and s u b j e c t  

a l s o  t o  a f e a s i b i l i t y  - which f e a s i b i l i t y ,  i n  t u r n  is 

inf luenced  by a h i s t o r y  of p a s t  ( c o l l e c t i v e )  f e a s i b i l i t i e s  and 

( c o l l e c t i v e )  behaviors  chosen wi th in  t h e s e  p a s t  f e a s i b i l i t i e s .  - 
The remarks so .far i n  exp la in ing  t h e  ope ra t ion  of 

f e a s i b i l i t y  t ransformat ions  should y i e l d  t h e  mot iva t ion  f o r  t h e  

fo l lowing  d e f i n i t i o n ,  as w e l l  as the  d e f i n i t i o n  i t s e l f ,  r a t h e r  

clear. 

* 2.1.5 - D e f i n i t i o n :  L e t  S be  a s o c i a l  system and t t h e  c o l l e c t i v e  

f e a s i b i l i t y  t ransformat ion  of  S .  S w i l l  be  c a l l e d  (a) s t a t i c  

( s o c i a l  system) i f f  t i s  a cons tan t  map, i . e . ,  t (x ,d )  = d f o r  a l l  

x E X and d E D = IID . S w i l l  b e  c a l l e d  (a) dynamic ( s o c i a l  

system) i f f  S is  no t  s ta t ic .  
A C Y  - 

It i s  important  t o  know t h a t  2.1.2 i s  no t  a s e l f - c o n t r a d i c t i o n ,  

so t h a t  t h e r e  e x i s t s  an ordered  seven- tuple t  S s a t i s f y i n g  t h e  

d e f i n i t i o n  of s o c i a l  system. Although t h a t  may be  obvious,  i t  

i s  a l so  important  t o  know a reasonably u n r e s t r i c t i v e  s u f f i c i e n t  
_ *  ,. 
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cond i t ion  f o r  S t o  exis t .  Such a cond i t ion  w i l l  b e  given i m e d i a t l y  

t h e  fo l lowing  convent ions are agreed upon. 

2.1.6 Standing Topological  Conventions and Terminology: Whenever 

R is considered as a topo log ica l  space,  i t  w i l l  be assumed 
- _- 

t o  have t h e  order  topology of t he  n a t u r a l  o rde r  of real 

numbers. 

topology f o r  R.) 

(Reca l l  t h a t  t h i s  i s  the  same as t h e  Euclidean 

Following Bourbaki [ 13 663, a topo log ica l  space  w i l l  be  

c a l l e d  quasi-compact i f f  t h e  Borel-Lebesque cond i t ion  i s  

s a t i s f i e d ,  i .e.,  every open cover has a f i n i t e  subcover.  

A t o p o l o g i c a l  space  w i l l  be  compact i f  i t  i s  quasi-compact 

and Hausdor f f . 
A real-valued func t ion  u: X 3 R on a t o p o l o g i c a l  space X 

w i l l  be c a l l e d  upper semi-continuous (USC) i f f  u”-(Er E QlrLb) )  

is c losed  f o r  a l l  b E R: i t  w i l l  be  c a l l e d  lower semi-continuous 

(lsc) i f f  u- l ({rcR(r  - < b l )  is  c losed  f o r  a l l  b E R. 

A poin t - to-se t  map’ping F:X -+ Y of a topo log ica l  space  x 
i n t o  a topo log ica l  space Y w i l l  be  c a l l e d  upper semi-continuous 

. (usc)  i f f  F:X .+ CY] is cont inuous wi th  the upper s e m i - f i n i t e  

topology on [Y](see 3.1.2 o r  [Michael,  19511). Thus, F is  

usc  i f f  f o r  each x E: X ,  and f o r  each neighborhood (nbd) V of F(x), 

t h e r e  exis ts  a nbd U of x such t h a t  F ( U ) C V .  

r. 1.-. 
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. 
2.1.7 P ropos i t i on  (Exis tence  of S ) :  With r e f e r e n c e  t o  2.1.2-3, 

each ct E A (hence, A: and hence, S i t s e l f )  is wel l -def ined ( i - e . ,  

S e x i s t s  as a s o c i a l  system),  i f - f o r  each a E A ,  d 

ya E h (X,), d 

on{y")x d,. 

Proof:  Assume t h a t  t h e  hvpothes is  is s a t i s f i e d .  C lea r ly ,  a l l  

t h a t  needs t o  b e  shown is  t h a t  a ( ~ , ,  d,) ##I (xa E X", d, E D,, 

a E A ) .  Since  d, is quasi-compact, so is  

{y")x d,. By upper semi-cont inui ty  of ?, on {y")x d, , v, a t t a i n s  

a supremum on {y")x d,. Hence, 6 a t t a i n s  a supremum on {x")x d . 
Thus, a ( x a ,  d ) # #I, as t o  be  shown. 

E D, and 
c1 

is  quasi-compact and Ga is upper semi-continuous a a. 

----_- 

Denote y" = ha(xa). 
.. 

- 
a .  ci 

a 

2.1.8 Note (Preference  and Incen t ives ) :  A s  remarked i n  2 .1 .4 ,  

t h e  u t i l i t y  func t ions  u, are meant t o  be order -preserv ing  

r e p r e s e n t a t i o n s  of complete (preference)  o r d e r s  of t h e  

behavors a on X 3( R .  Meanwhile, t h e  func t ions  ga 

c a l l e d  "inceritive" f u n c t i o n s  t o  t h e  e f f e c t  t h a t  t h e  real 

numbers r E El s e r v e  t o  o rde r  t h e  i n c e n t i v e s ,  i n d i c a t e d  as t h e  

va lues  taken by any g, . To j u s t i f y  t h i s  usap,e of " incent ive"  

have been 

i t  is assumed from h e r e  on t h a t ,  f o r  any x E X and anv CI. E A ,  

i f  r and s are real number; such t h a t  r < s ,  then  u,(x,r) 
r 

u ( x , s ) .  - cf - 

This  is  t o  say t h a t ,  c e t e r i s  p a s i 3 u s ,  a behavor does not  p r e f e r  
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less of the-real-valued variable (incentive) to more, without 

implying that more is actually preferred to less. 

c 

r. _ -  
I -  
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2.. 

2.2 G a m e s ,  Economies and S o c i a l  Systems 

Having introduced t h e  formal-not ion of a s o c i a l  system, i t  is  
, .  

a p p r o p r i a t e  now t o  compare t h i s  w i t h  t h e  more f a m i l i a r  notions 

of a n  economy and a game. 

t h e  p l a c e  of t h e  p r e s e n t  s tudy might b e t t e r  be  judged. 

Th i s  w i l l  g ive a p e r s p e c t i v e  w i t h i n  which 

The n o t i o n  of a n  economy which % r i l l  b e  used i n  t h i s  comparison 

is  t h a t  o f  Arrow and Debreu ( 1 9 5 4 ) ,  although i t  w i l l  b e  presented 

w i t h i n  t h e  p r e s e n t  terminology and n o t a t i o n .  

enough procedure,  f o r  i t  w i l l t u r n  ou t  t h a t  an economy - o r  

an " a b s t r a c t  economy" as  A r r o w  and Debreu c a l l e d  i t  - is  a s p e c i a l  

case of  a s o c i a l  system and t h a t  a game is  a s p e c i a l  case y e t  

of an economy. 

def i n t i o n s  are given. 

This is proper 
- 

I 

All t h i s  w i l l  b e  very clear as soon as  t h e  

2.2.1 Def in i t i on :  An economy is  an ordered quadruplet  
.. h 

S = <W, U, T,  A >, where 

(2.2.1.1) W is 'as i n  2.1.2.1; from which X a n d  XoL are 

de f ined  as t h e r e ;  
.. 

(2.2.1.2) U = {ua :X -+ Rla E A) 

is a n  a s s o c i a t e d  family of real-valued func t ions  
,- 

.' defined on X;  
uoL 

(2.2.1.3) 
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. is a n  a s s o c i a t e d  family of mappings ? ass ign ing  a 

a non-empty s u b s e t  .c,(xa) of X, t o  each fl E Xa: 

- 
(2.2.1.4) ' A = { a : P  x ;,(X*),+ [Xa]la E A) 

is a s e l f  indexed family of mappings def ined by 

2.2.2 D e f i d i o n :  A game - is an eEonomy i n  whBch ;,(x") = X, f o r  

a l l  xa E X'and a E A. 

P 

2.2.3 Note: The a c t u a l  d e f i n i t i o n s  of Arrow and Debreu (1954) from 

which 2.2.1-2 i s  gene ra l i zed  a c t u a l l y  has A BS a f i n i t &  set ,  

b u t  given more r e c e n t  developments (Aumann, 1964) i n  which 

a continuum of t r a d e r s  ( p l a y e r s )  is considered,  i t  is unreasonable 

t o  s t i c k  t o  such a r e s t r i c t i o n  - a r e s t r i c t i o n  which is  

unnecessary i n  t h e  f i r s t  p l a c e ,  except  p o s s i b l y  t o  y i e l d  

economics understandable  wi th  t h e  t o o l s  of  Euclidean space.  

A simple comparison of  2.2.1-2 w i t h  2.1.2 y i e l d s  t h a t ,  indeed,an 

economy is a s p e c i a l  s o r t  of s o c i a l .  system and t h a t  a game i s  a 

s p e c i a l  case of an economy. 
,. -.-. 

Thais n o t i o n  bf a game may o r  may n o t  

b e  a p p r o p r i a t e .  It does h a v e . t h e  a u t h o r i z a t i o n  of Arrow and Debreu, 
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P 

however, a n d  t h a t  should c a r r y  some weight.  I n  any case t h e  above 

d e f i n t i o n s  2.2.1-2 w i l l  n o t  b e  used t o  d e r i v e  any r e s u l t s  o f  t h i s  

s tudy,  b u t  are recorded merely f o r  t h e  comparison they allow. 
_c - - -  

Coming t o  t h a t  comparison, it is t o  be noted f i r s t l y  t h a t  t h e  

elements H ,  G and I of a s o c i a l  system have been suppressed i n  
.. 

2.2.1. Hence, the f u n c t i o n s  i~,, as is intended t o  b e  suggested bv 

using t h e  n o t a t i o n  of umlaut (""'), are analogous t o  t h e  e f f e c t i v e  

u t i l i t y  f u n c t i o n s  of 2.1.3.10, b u t  n o t  n e c e s s a r i l y  such, s i n c e  

they are n o t  e x p l i c i t l y  de r ived  from f u n c t i o n s  u,, h,, g, and i, as are 

t h e  f u n c t i o n s  tj, . F i n a l l y ,  t h e  mappings f, of 2.2.1.3 are r e s t r i c t e d  

ve r s ions  of t h e  f e a s i b i l i t y  t r ans fo rma t ions  e t  of 2.1.2.6 and 2.1.3.8. 

The fa ' s  depend only on a-exclusive behaviors  x,. 

are allowed t o  depend, i n  a d d i t i o n ,  on t h e  behav io r  x, of a as w e l l  

as t h e  c o l l e c t i v e  f e a s i b i l i t y  d i n  D = IID,. 

a 

The t, ' s  

A 
A l l  t h i s  being so, t h e  r e s t r i c t i o n s  of 2.2.1 may be  viewed i n  

d i f f e r e n t  l i g h t s .  Accordingly, one view might be  t h a t  t h e  

economist is  n o t  i n t e r e s t e d  i n  t h e  d e t a l l s  of t h e  full-blown s o c i a l  

system and i t  is a u s e f u l  s i m p l i f i c a t i o n  t o  suppres s  t h e  percept ive-  

c o g n i t i v e  and information-systemic elements f o r  which-H and I s t a n d  and 

t h a t  t h e  i n c e n t i v e  scheme - which is  a s s o c i a t e d  with C, - does n o t  

matter, Before t u r n i n g  t o  t h e  s i m p l i f i c a t i o n  of t h e  f e a s i b i l i t y  

t ransformations tor t o  t h e  form ia , it  is worth cha l l eng ing  t h e  above 

view. For t o  say t h a t  economisf.s are not .concerned w i t h  i n c e n t i v e s  

wouldbe  t o  s a y  that  t h e y  are not  concerned with p r i c e s  - wages included - 
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o r  wi th  taxes and s u b s i d i e s  - i n c e n t i v e s  f o r  investment ,  etc. ,  

inc luded .  And t o  say t h a t  they a r e  not  i n t e r e s t e d  i n  the e f f e c t s  

of imperfec t ions  i n  informat ion  o r  i n  i t s  process ing  by t h e  u s e r ,  
/ 

/ 

e .g . ,  i n  t h e  "marketplace", would imply statemexts t o  t h e  e f f e c t s ,  

f o r  i n s t a n c e ,  t h a t  a deva lua t ion  can be announced a week earlier 

than i t  is consummated o r  t h a t  a d v e r t i s i n g  has  vet t o  be  invented.  It  

i s  very  d i f f i c u l t ,  t h e r e f o r e ,  t o  defend t h a t  ignorn ing  t h e  elements 

H ,  G and I i s  a u s e f u l  s i m p l i f i c a t i o n  o r  i d e a l i z a t i c n i n  t h e  genre  

of t h e  " idea l  gas'' o r  t h e  " b i l l i a r d  b a l l "  model of gasses .  

The s i m p l i f i c a t i o n  of t h e  f e a s i b i l i t y  t ransformat ions  t t o  t h e  
c1 

f o m f ,  is  a l s o  a d i f f i c u l t  one t o  defend, For one th ing ,  what is 

f e a s i b l e  f o r  a n  economic%agent obviouslv depends on t h e  behavior  

of t h a t  agent  i t s e l f .  It would r e q u i r e  some r a t h e r  s t r o n g  metaphysics 
P 

otherwise  t o  exp la in  why people  o r  f i rms o r  governments choose t o  save  

and i n v e s t  i f  tomorrow's v a c a t i o n s ,  f a c t o r i e s  and parks  d id  no t  

depend on whether one saved a penny o r  b u i l t  a f a c t o r y  o r  upkept a 

park today. Secondly, t h e  f a c t o r i e s  one has  tomorrow depends on 

what f a c t o r i e s  one has  today. For in s t ance ,  one . a l lows  t h e  t e x t i l e  

i ndus t ry  t o  s lowly d e p r e c i a t e  i ts  equipment and i n v e s t s  i n  t h e  

e l e c t r o n i c s  indus t ry .  The product ion p o s s i b i l i t i e s  set of tomorrow 

depends on the  p re sen t  one and on t h e  po in t  now chosen i n  it. That 

is  t o  s a y ,  t h e  f e a s i b i l i t y  f o r  t h e  agent  c1 dependson x and d . 
c1 c1 



21 

To i n c l u d e  c e r t a i n  e x t e r n a l  e f f e c t s ,  i t  is h e r e  permit ted t o  

depend on t h e  f e a s i b i l i t i e s  d of t h e  o t h e r  agen t s  f3 E A  as w e l l .  

(To g i v e  a poss ib ly  odd example f o r  where t h i s  may become r e l e v a n t ,  
- _- 

i t  might be considered t h a t  t h e  precedence set by al lowing one boy 

t o  be  a consc ien t ious  o b j e c t o r  t o  war, whether o r  n o t  t h e  bov uses  

t h i s  p r i v i l e d g e ,  w i l l  probably make i t  easier f o r  t h e  nex t  boy t o  

gain t h i s  choice) .  

The r e s u l t  of t h e  above d i s c u s s i o n  seems t o  b e  no t  r e a l l y  t h a t  

an economy & a  s p e c i a l  case of a s o c i a l  system, b u t  t h a t  t h i s  would 

b e  s o  i f  one went by t h e  def n i t i o n s  which were compared. But t h e  

r e s u l t  i s  a l s o  t h a t  t h i s  would b e  a very a r t i f i c i a l  e x e r c i s e  of 

c l a s s i f i c a t i o n  and t h a t  a s o c i a l  system, as de f ined  by 2 .1 .2  is  r e a l l y  

something dea r  t o  t h e  i n t e r e s t s  of economics. I n  its formal 

s p e c i f i c a t i o n ,  n e v e r t h e l e s s  , it is more gene ra l  t han  t h e  economy 

f o r  which Arrow and Debreu proved the  e x i s t e n c e  o f  a n  equi l ibr ium. 

It w i l l  b e  found then t h a t  t h e  e q u i l i b r i a  1)roved i n  4 . 3 .  t o  e x i s t  

i n  t h e  case of dynamic s o c i a l  systems g e n e r a l i z e  t h e  r e s u l t  of 

Debreu (1952) obtained f o r  a c e r t a h  special class of s o c i a l  systems. 

The mentioned work of Debreu i s  a c t u a l l y  the  main mathematical  

p i l l a r  on which t h e  ou t s t and ing  Arrow and Debreu s tudy  is based, 

t h e  s o c i a l  systems t r e a t e d  i n  i t  be ing  correspondingly s p e c i a l i z e d .  

(Typical ly ,  both works d e a l  with a f i n i t e  personnel  and with behaviors  

i n  Euclidean space, and t h e s e  c a n s t i t u t e  _. a f u r t h e r  r e s t r i c t i o n  on t h e i r  

r e s u l t s .  Although a preference t o  work i n  such spaces  is  o f t e n  thought 



t o  be" rea1 i s t i c "  (perhaps because i t  is "less a b s t r a c t " ) ,  as far 

as realism i s  concerned, 'any r e s u l t  which i s  t r u e  w i t h  weaker 
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assumptions i s  a t  l eas t  as real is t ic  as t h e  same r e s u l t  w i th  s t r o n g e r  

assumptions. Furthermore, i t  i s  not. p o s s i b l e  t o  r e p r e s e n t ,  f o r  

example, an i n f i n i t e - h o r i z o n  p l an  n a t u r a l l v  as a p o i n t  i n  f i n i t e  
, .  

dimensional space,  i ts  n a t u r a l  h a b i t a t  being i n f i n i t e  dimensional. 

Hence, f o r  t h i s  and many o t h e r  reasons,  n e i t h e r  i s  i t  t h e  case t h a t  

a l l  economics can b e  reasoned i n  Eucliden s p a c e . ) '  

The most summary comparison of a s o c i a l  system wi th  a game, 

t o  end t h i s  s e c t i o n ,  would be  t h a t  t h e  l a t te r  is s ta t ic  (see 2.1.5) 

Thus, t h e  e x i s t e n c e  r e s u l t  of 4.2  can be  regarded as a g e n e r a l i z a t i o n  

of Nash's [1950, 19511 r e s u l t  f o r  (again a r e s t r i c t e d  v a r i e t y  of )  

c f in i t e -pe r sonne l  games t o  t h e  case of a c e r t a i n  class ( type  0 )  of 

- 

s t a t i c  s o c i a l  systems. 
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3. TOPOLOGICAL FOUNDATIONS OF SOCIAL SYSTEMS 

P 

- _-- _ -  
# *  

This  chapter  f i r s t  p re sen t s  some mathematics, mostly topology, 

which is  e s p e c i a l l y  u s e f u l  i n .  t h e  a n a l y s i s  of s o c i a l  systems. I n  

one way o r  ano the r ,  a l l  of t h i s  material is a c t u a l l y  used i n  t h e  

p re sen t  s tudy ,  b u t  much more can be expected from i t s  use  than  

would f i t  w i t h i n  t h e  c o n s t r a i n t s  of  t h i s  i n v e s t i g a t i o n .  Furthermore,  

most of t h e  m a t e r i a l  is  e i t h e r  new t o  t h e  f i e l d  of s o c i a l  a n a l y s i s  
- 

o r  p l a i n  new. A s  b e s t  as an amateur h i s t o r i a n  can do,  t he  

o r i g i n s  and i n t e l l e c t u a l  h i s t o r y  of t h e  material are i n d i c a t e d .  

Next, some fundamental t opo log ica l  p r o p e r t i e s  of behavors - 

and, t h u s ,  i n d i r e c t l y  of s o c i a l  systems - are demonstrated as 

d e r i v i n g  from va r ious  p r o p e r t i e s ,  i f  they p e r t a i n ,  of elements 

such as u t i l i t y ,  impression,  i n t e r p r e t a t i o n  and i n c e n t i v e  func t ions  

and behavior  spaces .  These are demonstrated f i r s t  for 

then f o r  dynamic s o c i a l  systems. They are used i n  t h e  

s t a t i c  and 

corresponding 
i 

t h e o r i e s  of ex i s t ence  f o r  s o c i a l  equi l ibr ium,  presented  i n  t h e  next  

chapter .  
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-3.1 Topological P r e l i m i n a r i e s  

This  s e c t i o n  c o l l e c t s  some t o p o l o g i c a l  f a c t s  c r u c i a l  t o  t h e  _ -  
later s e c t i o n s  and c h a p t e r s ,  so t h a t  they may b e  used f r e e l v  

without  e x p l i c i t  r e f e r e n c e  once they are recorded. Most of t h e s e  

f a c t s  relate t o  hyperspaces and t o  real  semi- l inear  t o p o l o g i c a l  

spaces  (rst spaces ) .  

The i d e a  of hyperspace,  i . e . ,  a toDological space  whose 

p o i n t s  are s u b s e t s  of a t o p o l o g i c a l  space,  d a t e s  a t  least as 

f a r  back as t h e  metric de f ined  by Hausdorff [1937] on t h e  set  

of non-empty c losed  s u b s e t s  of a bounded'metric space  X. 

a- (see a l s o  [Kel ley,  1 9 4 2 l ' f o r  a s tudy  o f  t h e  Hausdozff metric 

hyperspace when X is  compact.) Meanwhile, Vietaris [1923] 

de f ined  t h e  f i n i t e  topology (see 3.1.2,lO) f o r  t h e  set of Ron- 

empty c losed  s u b s e t s  of an a r b i t r a r y  topo log ica l  space X .  

The s t anda rd  r e f e r e n c e  adopted h e r e ,  however, i s  t h e  complete 

and u n i f y i n g  s tudy  of Michael 119511. 

The importance of hyperspaces f o r  op t imiza t ion ,  economic 

theory and s o c i a l  a n a l y s i s  i n  gene ra l  d e r i v e s  from a t  least 

two cons ide ra t ions .  One of t h e s e  i n  t u r n  d e r i v e s  from t h e  

importance of point- to-set  mappings i n  t h e s e  f i e l d s .  For a 

point- to-set  mapping, such as a n  op t imiz ing  a1gorithm.a consumer ' 

choosing bundles of goods or:.a behavor choosing a set of behav io r s ,  

can be looked upon as a poin t - to-poin t  magpinp, on t h e  same domain 

r 

~ 
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of d e f i n i t i o n  i n t o  a s u i t a b l e  hype r se t  (set of s u b s e t s )  of t h e  range. I f  

t h e  domain and range of t h e  point- t t i -set  mappings are topo log ica l  spaces ,  . 
. then matters r e l a t i n g  t o  t h e  (upper o r  lower semi-) c o n t i n u i t y  of t h i s  

mapping are o f t e n  s i m p l i f i e d  by a p p r o p r i a t e  choice  of a topology f o r  t h e  

hyperse t  s e rv ing  as range f o r  t he  a s s o c i a t e d  point- to-point  mapping. T h i s  

is apr imary  

a p p l i c a t i o n  of t h e s e  i n  3.3.1, and thus i n  each of t b e  r e s u l t s  of 4.3,  

u se  made of hyperspaces i n  t h i s  s tudy ,  as 3.1.4.4-5 and t h e  

c o n s t i t u t e  such a use.  

These mentioned a p p l i c a t i o n s  i n  t h e  p re sen t  s tudy  a l s o  i l l u s t r a t e  

t h e  second gene ra l  u se  of hyperspaces f o r  t he  mentioned f i e l d s  of 

i nqu i ry .  The cons ide ra t ion  he re  i s  t h a t  " f e a s i b l e  reg ions"  can be 

regarded as p o i n t s  i n  a hyperspace,  so  t h a t  changes i n  t h e s e  can be  

analyzed by u s e  of po in t - to-poin t  mappings (and even, as i n  4.3.3.3-5, 

by use of poin t - to-se t  mappings) i n t o  t h a t  hyperspace.  

methods w i l l  probably be f e l t  less i n  op t imiza t ion  cons t ra ined  t o  

f e a s i b l e  reg ions  i n  Euclidean space  ( e s p e c i a l l y  when t h e  c o n s t r a i n t s  

are f i n i t e l y  parametr ized,  as i n  t h e  case  of l i n e a r  Cons t r a in t s  of budget,  

The power of such 

e t c . ) ,  b u t  i n  dynamic op t imiza t ion  where dec i s ions  taken are allowed t o  a l t e r  

t h e  very f e a s i b l e  reg ions  w i t h i n  which they are taken - as i n  t h e  case  of 

(dis-) investment  - and e s p e c i a l l y  when t h e  f e a s i b l e  r eg ions  l i e  i n  some 

a b s t r a c t  space ,  such as a func t ion  space', and t h e  c o n s t r a i n t s  are 

not  . f i n i t e l y  paramet r izable ,  t h e s e  methods may b e  expected t o  bear  f r u i t .  

Even a r e s t r i c t i o n  of t h e  r e s u l t s  i n  4 .3  t o  t h e  case  of  a s i n g l e t o n  

personnel  might t e s t i f y  t o  t h e  v a l i d i t y  of such an expec ta t ion .  
,. i-. 
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Semi-linear t opo log ica l  spaces ,  and, more g e n e r a l l y ,  s e m i -  

l i n e a r  spaces  were f i r s t  i n v e s t i g a t e d ,  t o  t h e  knowledge of  

t h i s  au tho r ,  by Prakash and S e r t e l  [1970, a ,b ] .  A s  a g e n e r a l i z a t i o n  

of l i n e a r  .(or v e c t o r )  spaces ,  semi- l inear  (o r  semi-vector) spaces  

have an a1gebl;a which is s a t i s f i e d ,  no tab ly  f o r  p re sen t  purposes,  by 

t h e  set of a l l  non-empty s u b s e t s  of a v e c t o r  space.  I n  t h e  case  

- -  _- 

where L i s  a l i n e a r  t opo log ica l  space,  t he  set of non-empty a u a s i -  

compact s u b s e t s  of L form a semi- l inear  space.  Among semi- l inear  

t opo log ica l  spaces ,  those  which are used i n  t h i s  s tudy  are t h e  

ones formed by t h e  Hausdorff metric space of non-empty compact 

and convex s u b s e t s  of a normed real l i n e a r  t opo log ica l  space.  

Thus, t h e  usua l  f e a s i b l e  r eg ions  i n  usua l  cons t r a ined  opt imizkt ion  

are t y p i c a l  po in t s  of such a ( r s t )  space. 
I -  

3.1.1 Standing Notat ion:  For any topo log ica l  space X ,  C(X) w i l l  

denote  t h e  set of a l l  non-empty c losed  s u b s e t s  of X ,  k(X) 

w i l l  denote  t h e  s e t  of a l l  non-empty quasi-compact s u b s e t s  

of X ,  and K(X)  w i l l  denote  t h e  set of a l l  non-empty compact 

s u b s e t s  of X. 

set of a l l  non-empty convex s u b s e t s  of X. 

I f  X is  a convex set ,  Q(X) w i l l  denote  the  

Furghermore, CQ(X) = 

. C ( X )  f ’ ? (X) ,  kO(X) = k(X) f’ O(X) , etc., w i l l  a l s o  b e  used. 

I f  f :  X + Y is  a mapping, then  r ( f )  = { ( x , y ) l x  E: X, 

y E f ( x ) l  C X x Y w i l l  be  used as s t anda rd  n o t a t i o n  f o r  t h e  

7. .- . graph of f .  I. 
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3.1.2 Hyperspaces: This  s e c t i o n  fol lows [Michael, 19511, e x t r a c t i n g  

t h e  b a r e  minimum of informat ion  needed f o r  t h e  subsequent 

deve l o  pmen t . 
- _- 

3.1 .2 .1  Notat ion:  L e t  U C X. Then denote  --- 

L e t  { U i l i  E I} b e  a c o l l e c t i o n  .of s u b s e t s  U c X. Then 
i 

denote  

I f  I above is f i n i t e ,  so t h a t  { U i l i  E I} = {U ,..., U }, 1 n 
then a l s o  denote  <U.  I i E I> by CUI, . . , Un>, 

1 

3.1.2.2 D e f i n i t i o n :  L e t  X be a topo log ica l  space  wi th  topology T .  

The upper s e m i - f i n i t e  ( u s f )  topology on [XI  i s  t h e  topology 

generated by (<U >[ U ‘E T I  as a b a s i s .  

( l s f )  topology on [ X I  is the  mopology generated by 

{<U>-IU E T }  as a sub-basis .  

+ The lower semi - f in i t e  

The f i n i t e  ( f )  topology on 
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3.1.2.3 Remark: Using 'c' as a s u p e r s c r i p t  t o  denote  complements, 

t h e  fo l lowing  equat ions  fo l low e a s i l y  from t h e  d e f i n i t i o n s :  

( i )  <u>+ = <u> --=- [VI = (<uc>-)c, 

( t i )  <u>- = <uC>' , 

(iii) <u>' = <x, uC> 

The fo l lowing  s p e l l s  o u t ,  f o r  t h e  b e n e f i t  of t h e  r e a d e r ,  a proof for  

a p ropos i t i on  observed by Michael. 
I 

3.1.2.4 Propos i t i on :  L e t  X b e  a topo log ica l  space.  The f i n i t e  

topology on [ X I  i s  t h e  c o a r s e s t  topology, i n  t h e  l a t t i c e  of 

a l l  topologies  on [XI, which is f i n e r  than both t h e  usf and 

the  l s f  topology on [XI. [Michael, 1951, p.  1791. 

--- Proof:  It s u f f i c e s  t o  show t h a t  t h e  usf  and t h e  Tsf topology 

on [ X I  are conta ined  i n  any topology con ta in ing  t h e  f i n i t e  

topology on [XI. From t h e  f irst  equat ion  of 3.1.2.3 i t  

fo l lows  t h a t  t h e  usf  topology is so contained.  L e t  U C X  

be  open. Then, us ing  t h e  l a s t  two equat ions  of 3.1.2.3, 

<I)>- = = <X,U> , proving t h a t  t h e  l s f  topology is 
r. _ -  
,I 

a l so  so  contained. 
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The purpose of t he  fol lowing is, aga in ,  e l u c i d a t i o n .  

. 
3.1.2.5 P ropos i t i on :  - L e t  X h e  a topo log ica l  space ,  and denote  t h e  

+ - +- u s f ,  l s f  and f t opo log ie s ,  on [ X I ,  by T ,T , T , r e s p e c t i v e l v .  

Then ' 

- _- _ -  

e 

( i )  T+ i s  t h e  c o a r s e s t  topology on [XI f o r  which (a)  

<U>+ i s  open i f  U is  open i n  X and (b) 4%- is  c losed  

if M i s  c losed  i n  X: 

I 

( i i )  T is  the  c o a r s e s t  topology on [ X I  f o r  which 

(a) <U>- is  open i f  U is open i n  X and (b) <PI>+ i s  c losed  

i f  M is  c losed  i n  X: 

( i i i )  

(a) 

i f  M is  c losed  i n  X. 

T+- i s  t h e  c o a r s e s t  topology on [XI f o r  which 

< U > i s  open i f  U is open i n  X and (b) < M > i s  c losed  

Proof:  

T 

It fo l lows  d i r e c t l y  from t h e  d e f i n i t i o n s  t h a t  T+ and 

- 
are t h e  c o a r s e s t  topologies  i n  [ X I  s a t i s f y i n g  D a r t s  (a) 

of (i) and ( i i ) ,  r e s p e c t i v e l v .  I n  t h e  fol lowing l e t  U C X 
- 

b e  open, and w.l .g. ,  l e t  1.1 = Uc. 

(b) of ( i )  and ( i i )  hold f o r  T+ and T-, r e s p e c t i v e l v ,  fo r  then 

( i i i )  w i l l  fo l low by 3.1.2.4.  To see t h a t  (i) (b) ho lds  f o r  

It s u f f i c e s  t o  show t h a t  p a r t s  

T', just n o t e  that 
, - -  ,. 
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which is c losed  s i n c e  <U>+ is  open. 

ho lds  f o r  T-, no te ,  s i m i l a r l v ,  t h a t <  V’T> 

To see t h a t  ( i i )  (h) . . .  
4- 

= (<IT>’)‘ i s  c losed .  

?I - - 
i -  

The rest of t h i s  s e c t i o n  fo l lowing  t h e  p re sen t  paragraph,  

w i th  t h e  p o s s i b l e  excepti.on of 3.1.2.9 is  merely paraphrased 

-from [Michael, 19511. I The f i r s t  d e f i n i t i o n  g ives  a u s e f u l  

equ iva len t  rewording of t h e  usua l  d e f i n i t i o n  of uppar and 

lower semi-cont inui ty  f o r  multi-valued b i n a r y  r e l a t i o n s  

(point- to-set  mappings). 

t h e  next  s e c t i o n  in t roduces  a s p e c i a l  rst space  which i s  a 

_- 
?he remainder w i l l  be  u s e f u l  a f t e r  

hyperspace.  
I’ ’ 

3.1,2.6 Def in i t i on :  If X and Y are t o p o l o g i c a l  spaces ,  a mapplng 

F: X +[Y] is c a l l e d  upper (lower) semi-continuous (u(1)sc)  

i f f  P i s  cont inuous with t h e  u (1 ) s f  topology on [Y]. 

[fl ichael,  1951; D. 1791. 

The l a s t  d e f i n i t i o n  can b e  reworded a l s o  as f o l l o ~ r s .  

3.1.2.7 - Propos i t i on :  -_ I f  X and Y are topo log ica l  spaces ,  then  a 

func t ion  P: x + [YI i s  u(1)  sc i f f  Ex E X ~ F ( ~ ) ( I A  + $1 is 

c losed  (open) whenever A i s  c losed  (open) i n  Y. [Vichael ,  

1 j51 ;  Thm. 9.11 
r -.-. 
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3.1.2.8 Def in i t i on :  Define t h e  ("layout. .  .) m a p  <....of X") 

L:[[S]] -+ [!<I by 

[Michael, 1951 J Def . 5.5.13 

3.1.2.9 - Propos i t i on :  - If X i s  a top  l o g i c a l  space ,  t h  n t h e  layout  

map of X is  (i) USC, ( i i )  lsc and ( i i i )  continuous accordinply 

as [ X I  and [ [ X I ]  c a r r y  the  (i) u s f ,  (ii) l s f ,  and ( i i i )  f i n i t e  

topology (Cf. [Xichael  1971 "hm. 5.7.21). 

-- Proof: 

j E Jt, i f f  Y .E 
. I  3 J 

The proofs of ( i )  ( i i ) ,  (iii) are e n t i r e l y  s e t - t h e o r e t i c .  

Denote gene r i c  elements of [[XI] by E, and &.fir!- 
' 

E, so as t o  be a b l e  t o  w r i t e  E =: (Y, 1 j E .JE1. 

ad (i): 

It s u f f i c e s  t o  show t h a t  L-'(V) = <V+: 

L e t  V = <U>+ be a b a s i c  open nbd of Y = L(E) E [XI. 

i f f  Y C U  

r. 5-. 

. .  
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f.ff (j E J only i f  Y. C U )  
E 3 

--. 
i f f  (j E J only i f  Y. E V) 

E 1 

/ _- 
i f f  E C V  

ad (ii): 

It s u f f i c e s  t o  c l a i m  t h a t  Lel (V) = <D-, and t o  show i t  as 

fo l lows  : 

L e t  V = <U>- b e  a b a s i c  open nbd of Y = L(E) E [XI. 

- 
 EEL-^ (v> i f f  Y E v 

i f f  E: JE such t h a t  Y # 9) 

i f f  (3 E J such t h a t  Y. E V> 

j* j* 

j, E 3 ** 

ad (iii): L e t  V = <U1, .,., U > be a b a s i c  open nbcl of 

Y = L(E) E [XI and denote  N = €1, . . . , n 1, U = UU 

W = C<U>+>+ I' ( f' <<Ui>->-) . 

. n  
and 

N i  
It s u f f i c e s  t o  show t h a t  

N 
r 

*. 

L"l(V) = w: 

E E L-1 (VI iff Y E' v ~ 
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i f f  Y C U  and Yf’U. #$ f o r  a l l  i E N 
1 

b’ 

3.1.2.10 

3.1.2.11 

3.1.2.12 

i f f  ’(j E JE and i E N only i f  Y . C U  and Yf’Ui# 4) 
J 

i f f  (j E JE‘ and i -& N-only i f  Y.  
J 

and Yc<Ui> 
1 .  

i f f  E E W. 

Notation-Definition-Remark-Proposition: Replace [ X I  i n  

3.1.2.1-9 by C ( X )  and mcdify 3.1.2.3 to  s ta te  t h a t  <U> = C(U) 

i f  U is closed i n  X. 

Propos i t ion :  

1. 

topology on C ( X ) ,  then  L(E) E C(X); 

2. 

usf topology on k(X), then L(E) E k(X). 

I f  X is a regular space and E E k(C(X)) with  t h e  usf  

I f  X is  a topo log ica l  space  and E E k(k(X)) with t h e  

[Michael, 1951; Thm. 2.5.1-2, Thm. 9.51. 

Propos i t ion :  L e t  X be  a topologica l  space,  and l e t  C ( X )  

be equipped with t h e  f i n i t e  topology. Then X i s  quasi-compact, 

l o c a l l y  quasi-compact, s epa rab le ,  compact i f f  C(X) has  the 

same property [Michael; 1951; Thm. 4 .2 . ,  Thm. 4.4.1, Thm. 4.5 .1 ,  

Thin. 4.9.61. 

r. _ -  .. 
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3.1.2.13 Propos i t ion :  L e t  X be a m e t r i c > s p a c e .  Then t h e  f i n i t e  

topology on C(X) ag rees  wi th  t h e  Hausdorff metric topology 

3.1.3 

3.1.4 

** 

on C(X) i f f  X is (quasi-)compact. [Michael, 1951, Thm. 3.3, 

- Prop. 3.51. _ -  

R s t  Spaces: Rather than lengthen  t h e  p re sen t  chap te r  by para- 

phras ing  o r  reproducing,  t h e  o r i g i n a l  work by Prakash and 

S e r t e l  on semi-vector spaces ,  semi- l inear  t opo log ica l  spaces, 

rst spaces  and t h e i r  f i xed  p o i n t  p r o p e r t i e s  i s  appended t o  t h i s  

s tudy .  

Spec ia l  Fac t s  Basic t o  Optimization: This s e c t i o n  c o l l e c t s  some 

f a c t s  r e l a t i n g  t o  t h e  c o n t i n u i t y  and convexi ty  matters p e r t a i n i n g  

t o  f u n c t i o n a l s  t y p i c a l l y  p lay ing  t h e  r o l e  of o b j e e t i v e  f u n c t i o n a l  

i n  op t imiza t ion  problems. A l l  of t hese  f a c t s  are Frell-known i n  

c e r t a i n  r e s t r i c t e d  i n s t a n c e s ,  as when t h e  f u n c t i o n a l  is  de f ined  on 

a subspace of Euclidean space.  The novel ty  i n  t h e  more gene ra l  

f a c t s  presented  h e r e  d e r i v e s  from the  t rea tment  of t h e  usua l  

f e a s i b l e  reg ions  as p o i n t s  i n  s u i t a b l e  spaces .  The va r ious  

c o n t i n u i t y  aad convexity p r o p e r t i e s  of t h e  o b j e c t i v e  f u n c t i o n a l  

are r e l a t e d  through t h i s  t rea tment  t o  corresponding p r o p e r t i e s  of 

t h e  opt imal  va lue  a t t a i n e d  on a f e a s i b l e  reg ion ,  depending on t h e  
I 

a b s t r a c t  

supremum 

f e a s  i b  1 e 

f e a s i b l e  r eg ion  as a v a r i a b l e .  Thus, e.g., t h e  

a t t a i n e d  by an o b j e c t i v e  f u n c t i o n a l  on, s a y ,  a compact 

reg ion  i s  seen  t o  s h a r e  much of the  c o n t i n u i t y  and 

, 52 
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convexi ty  p r o p e r t i e s  of t h e  o b j e c t i v e  f u n c t i o n a l  i t s e l f ,  a l though 

the  supremum depends on t h e  f e a s i b l e  r eg ion  wh i l e  t h e  o b j e c t i v e  

f u n c t i o n a l  depends on a gene r i c  element 

-. 

of t h e  space  i n  which 

such f e a s i b l e  reg ions  l i e  as -sets. -Such f a c t s  are e s s e n t i a l  

when  the^ f e a s i b l e  r eg ions  become endogenous v a r i a b l e s  of t h e  model, 

as i n  dynamic op t imiza t ion  o r  dynamic s o c i a l  systems. 

F i r s t  c d d e r e d  are matters of c o n t i n u i t y .  The f i r s t  lemma, 

3.1.4.1, p l ays  a key r o l e  here. While 3 . 1 . 4 . 1 - 3  are concerned wi th  

t h e  o b j e c t i v e  f u n c t i o n a l ,  t h e  two s i m p l e  p ropos i t i ons  3.1.4.4-5 

are r e l a t e d  i n  an obvious way t o  t h e  f e a s i b i l i t y .  Then 

considered a r e  t h e  convexi ty  p r o p e r t i e s ,  r e l a t i n g ,  aga in ,  t o  t h e  

o b j e c t i v e  f unc t i.ona1. 

- 

The main r e s u l t s  are a l l  concerned wi th  how c o n t i n u i t v ,  

convexi ty  - and v a r i o u s  weaker v e r s i o n s  of t h e s e  p r o p e r t i e s  - 

for  t h e  o b j e c t i v e  f u n c t i o n a l  re la te  t o  corresponding p r o p e r t i e s  of 

t h e  a s soc ia t ed  "supremum" o r  "infimum functional! ' .  The r e s u l t s  

are presented  i n  "disaggregated" form, t h a t  i s ,  Cont inui ty  ques t ions  

are s p l i t  i n t o  ques t ions  of upper and lower semi-cont inui ty ,  

and convexity o r  concavi ty  ma t t e r s  are formulated i n  terms o f  

. strict and n o n - s t r i c t  ve r s ions  and i n  termsd ( s t r i c t  and n o n - s t r i c t )  
. .  

quasi-convexity o r  quasi-concavi ty  . 

3.1.4.1 LEMMA: L e t  B b e  a c losed  set i n  a compact (Hausdorff) 
r. ._ .. 

space  X x Y.  Define 
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D = f (k,y) E C ( X )  X Y I ’ ( k  X {y)) C B} , 
. 

E = {(k,y) E C(X) x Y l ( k  x ( y } ) f \ B  # Q,), - _- 
, -  

and assume t h a t  C(X) has  the  f in i t e topo logv .  Then 

1. D is 

2. E i s  

Proof : 

compact i n  C(X) x Y ; and 

compact i n  C(X) x Y .  

i t  is  clear t h a t  a l l  of t h e s e  are compact. Wrthermore,  

C(X) x Y i s  a compact (Hausdorff) space when C(X) has  t h e  f i n i t e  

topology, as C(X) is then compact (Hausdorf f )  . (See 3.1.2.12).  

Hence, i t  s u f f i c e s  t o  show t h a t  (1) D and (2). E are closed.  

ad (1) : There is nothing t o  prove i f  D = C(X) x Y, so 

l e t  A E ( C ( X )  x Y)\D.  Denote D 

elements d 

d i s t i n c t  f o r  each d E D. F ix ing  y E Y*, t h e r e  thus  e x i s t s  an 

= <B.P;V>x (y} and gene r i c  Y 
= (k,y) E Dv(y E Y*) . Then A and dy are Y 

Y 
open cover {W(dy)l dY E D 3 of D wi th  open boxes Y Y 

and a family {Ny(dy) 1 %  E Dp)Of  nbds Fy(dy) C C(X) x Y of 

A ,  such t h a t  f o r  each d ‘ E  TI Wv(d!,)fINy(dy) = Q (where 

Uy (k) C C ( X )  is an open nbd of k and Vy ( y )  C Y is  an open 

,- -.-. 
v v’ 
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nbd of y). Since <B* > and {y) are compact, so is  

Hence, {W (d ) I  d a f f o r d s  a f i n i t e  subcover 
Y 

E D v l  . Y Y  Y 
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D .  
9 

i i i  
Y Y  Y -  

{W (d ) = U x Vv )i  =.1, ..., m(y)1 . 

, -  1 m(y) 
Y 

Define V 

and Ny = N (d l )O ,  ... f'lNy(dy m(y)) and 

= vy ('1 ... (I v 
: y  

Y Y  
.. 

wi = ui x v 
Y Y Y  

(i = 1, ..., m(v)). 

i 
Y 'Y 

Then (W li = 1, ..., m(y) 1 is an  open cover of D such t h a t  

Wi(]Ny Y = (i "1, ..., m ( y ) > .  

_- 

Now {V [ y  E Y*} is an open cover of t h e  compact Y*, 

a f f o r d i n g  a f i n i t e  subcover V ..., V 1 . Define 

N = ('1 N . ThenN i s  a nbd of A which is d i s j o i n t  from 

Y 

en y; 

j=1 Yj 

i 
Y J 

w =\I{w li = 1, ..., m(y.>: j = 1, ..., n3 . 
j 

Since  D C W, N O D  = 4 . Thus, D i s  c losed ,  s i n c e  i ts  

complement i n  C(X) x Y is open. 

ad(2) :  To 'show t h a t  E i; c losed ,  no te  t h a t  

E = CI (<(B*) c + c  > ) x ' { y )  
. y *  y 

c + c  and t h a t  Ey = 

compact, f o r  each y E Y*'. Then the  proof of (1) a p p l i e s ,  merely 

by replacing<B* > by <B* > , D by E D by F. and d by %. 

(<(B*) > ) x {y}= <B*y>- x ( y }  is c losed ,  hence 
Y .r. _ -  ._  

- 
Y y .  Y Y '  Y 
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" 3.1.4.2 Lemma: L e t  X * X x X b e  a compact (Hausdorff)  space ,  a 
l e t  u: X + R be cont inuous,  a n d b e f i n e  t h e  real-valued 

func t ions  5 ,  - u on C(X, ) x X' by 

- 
u(ka, xa) = Sup 

ka 

Ik E C(X ), xa E X" . 
f a  a 

u(ka, x") = Inf  u ( *  , x') I 
.ka - 

Assume C(X,) has  the  f i n i t e  topology; Then 

1.1. u is USC i f f  u is  use ,  

u is  Lsc i f f  U is  Isc; 

- 
2 

2.1. u i s  usc  i f f  5 USC, 

2. u i s  l sc  i f f  - u is  lsc .  

Proof:  Upon no t ing  t h a t  X i s  T i t  is  obvious t h a t  c o n t i n u i t y  a 1' 

p r o p e r t i e s  of ti o r  - u hold a l s o  for u ,  s i n c e  a c o n t i n u i t y  

proper ty  hold ing  f o r  ii o r  - u on the 'who le  of C ( X a )  x also 

holds  on the  subspace (((xa); x")) , whi le  t h i s  subspace is  

honeomorphic t o  X and u p  u = 

imp l i ca t ions  ' i f '  are  t h u s  proved. 

- 
on t h i s  subspace.  A l l  t h e  -.-. 
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To prove t h e  rest, l e t  p E R b e  a r b i t r a r y ,  and 

denote  P' ='{r E R I r  I > p}  , P 

-.. 
- .  

= f r  E R l r  - < p} , u-'(P+) 

= B+, u-'(p-) = B-, c- l (pf )  = &-,-6-1(p-) = D-, x-l(p+-j = D', 

u-l(P-1 '= E'. From t h i s  r io ta t ion ,  i't is c l e a r  how t o  use  the  

las t  lemma, observing t h a t  E' is closed (compact) i f  u i s  USC 

and t h a t  B- is  c losed  (compact) i f  u i s  lsc. Thus, i n  case  

of l . l . ; D +  is c losed ,  so t h a t  u i s  USC; i n  case of 1 . 2 ,  D- 

i s  c losed , so  t h a t  ti is - lsc;  i n  case  of 2.1,  E i s  c losed ,  so 

, .  - 

J 

+ 

t h a t  5 is USC; i n  case of 2.12, E- i s  c losed ,  so t h a t  2 is l s c .  

- This completes t h e  proof .  

f 
*' 

3.1.4.3 Corol la ry :  Using the  def inanda and n o t a t i o n  of t h e  l a s t  

lemma, among t h e  fol lowing s ta tements  i . a ,  i . b  and i . c  

are eqriivalent (i = 1 , 2 ,  3):  

1. a. u is USC. 

b. 

c 

- u is u s c  with t h e  f i n i t e  topology on C(Xa). 

fi i s  usc wi th  t h e  f i n i t e  topology on C(X,). 

2. a. u is lsc. 
I 

b. 

e .  

- u is lsc with t h e  f i n i t e  topology on C(G). 

6 us lsc  wi th  t h e  f i n i t e  bopology on C(Xa). 

3. a.' u i s  continuous? 

b .  - u i s  continuous with the f i n i t e  topoI.ogV on C ( X c ( ) .  
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3.1.4. 

\ - 
.. c. u i s  cont inuous wi th  t h e  f i n i t e  topology on C ( X J .  

-- Proof: A l l  is p l a i n  as a rearrangement of the last  l e m m a .  
c - 

; .  

The form i n  which 3.1.2.9 w i l l  a c t u a l l y  be used ( toge the r  

wi th  3.1.4.5 i n  proving 3.3.1) is a c t u a l l y  t h e  fo l lowing  s imple 

p ropos i t i on ,  needing no proof .  t 

Propos i t i on :  L e t  X be a topo log ica l  space,  and Laf ine  t h e  map 

:[XI -+ X by 

%(E) = ( x l x  E E )  (E E [ X I ) .  

Then R is usc  (lsc) with  the  u s f ( 1 s f )  topology on [XI. 

3.1.4.5 Propos i t ion :  The graph I"(!?,) = ( ( E , x ) [ E  E C(X), x E E) c C(X) x X 

i s  c losed  i f  X i s  r egu la r  and C(X) has  t h e  usf topologv. 

Proof:  

and y E X \ F .  S ince  F i s  c losed  and X i s  r e g u l a r ,  t h e r e  

e x i s t  d i s j o i n t  open sets U, V C X such thak  P C U and Y E V. 

Then <U> is open wi th  F z  <U> CC(X), and x V) I) T(R) = +, 
showing t h a t  r ( a )  has  open complement 

To see t h a t  t he  complement of r ( E )  2s spen , f -e t  FE C(X) 
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In t h e  rest of the s e c t i o n  a t t e n t i o n  is d i r e c t e d  t o  matters 
- 

of convexi ty  of  u, u, and - u. 

- *  _ -  
3.1.4.6 LEMMA: L e t  La and La b e  real l i n e a r  t opo log ica l  spaces  

and, w i th  r e fe rence  t o  3.1.4.2-3, l e t  X" E KQ(La), X KQ(L ), 

and assume u to be cont inuous.  Then u has  any of t h e  p r o p e r t i e s  

E a a 

under (1) below i f f  h a s ,  and u has  any of , t h e  p r o p e r t i e s  

under (2) below i f f  3 has :  

1. a ( s t r i c t )  quasi-ccncavi ty ,  

b .  ( s t r i c t )  concavi ty ,  

c. l i n e a r i t y ,  i .e . ,  concavi ty  - and convexi ty ;  

2.  a. ( s t r i c t )  quasi-convexi ty ,  

b . ( s t r i c t )  convexl ty  

e .  l i n e a r i t y .  

' 1  

Proof:  The ' i f '  p a r t s  of t he  p ropos i t i on  are all obvious 

upon n o t i n g  t h a t  s i n g l e t o n  s u b s e t s  of X, are c losed ,  and t h a t  t h e  

c o l l e c t i o n  of t h e s e  is convex. The 'only i f '  p a r t s  are a l l  

s t r a i g h t f o r w a r d ,  so only  (1.a) w i l l  be  ' t r ea t ed :  i m i t a t i o n  w i l l  

y i e l d  t h e  remaining proofs  . 
L e t  ' A =  1 - X E [0,1], l e t  (ka, xa), ('ka, ' a  x ) E C ( X a )  X X ? ,  

r _ -  .. 
and l e t  xa E ka and 'xa 'E 'k with u(x,, x") = ;(kc,, xa) and 

c1 

u ( ' x a ,  'x") = 3 ( ' k  l a  x ). F i n a l l y ,  -denote Eu = Aka S'X'k,, a' 
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Z" = Ax" + 'X'xcL and 'Z  = Axa f 'X'x . Then U (E", X") 

u(x, , Ea). I f  u is quasi-concave, then 

a a . 

whereby U is quasi-concave also; s i m i l a r l y ,  i f  u is  s t r i c t l y  

quasi-concave ( i . e . ,  t he  l a s t  i n e q u a l i t y  i s  s t r i c t ) ,  then 

- 
u, too, is  so.  

- 

3.1.4.7 Remark: From 3.1.4.2.-3, i t  is  clear t h a t  3.1.4.6 can be 

s t rengthened  by assuming only t h a t  u 

l sc  f o r  p a r t  2. 

i s  USC f o r  p a r t  l * a n d  

3.2 Topologica l  P r o p e r t i e s  of Behavors i n  k t a t i c  S o c i a l  Systems 

From a narrow viewpoint,  t h e  prime mot iva t ion  f o r  r eco rd ing  t h e  

p r o p e r t i e s  c o l l e c t e d  i n  t h i s  s e c t i o n  is t h e  e x i s t e n c e  theory f o r  

equ i l ib r ium i n  stati-c s o c i a l  systems, presented i n  4.2.  The end 

-of t he  proof f o r  a n  ex i s t ence  theorem f o r  s o c i a l  equi l ib i rum,  however, 

marks j u s t  a beginning f o r  s o c i a l  a n a l y s i s ,  no matter how gene ra l  

and powerful t h a t  e x i s t e n c e  theorem. The p r o p e r t i e s  enjoyed 

s u f f e r e d )  bv  behavors i n  a . s o c i a 1  system - s t a t i c  o r  dynamic 

deserve  cons ide ra t ion ,  t h e r e f o r e ,  as main b u i l d i n g  blocks of  
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a n a l y s i s ,  r a t h e r  than merely as s t epp ing  s t o n e s  u s e f u l  on ly  

f o r  proving an eau i l ib r ium e x i s t e n c e  theorem. For t h i s  reason ,  

t h e  p re sen t  s e c t i o n  treats s e l e c t e d  p r o p e r t i e s  of behavors i n  

some d e t a i l ;  r e s t r i c t i n g  a t t e n t i o n  t o  t h e  case of a s ta t ic  

s o c i a l  s y s t e m .  Actua l ly ,  t h e  p r o p e r t i e s  of a s o c i a l  system i t s e l f  

- ./ 

are expressed q u i t e  w e l l ,  as a r u l e ,  i n  terms of t h e  p r o p e r t i e s  

of i t s  behavors. So the  present  s e c t i o n  may b e  looked upon 

a l s o  as a t rea tment  of s e l e c t e d  p r o p e r t i e s  of s o c i a l  systems i n  

t h e  s t a t i c  case.  

To c l a r i f y  what p a r t i c u l a r  p r o p e r t i e s  are gained f o r  behavors 

from what p r o p e r t i e s  of t h e  behavior  spaces ,  u t i l i t y  func t ions ,  

impression func t ions ,  i n t e r p r e t a t i o n  func t ions  and i n c e n t i v e  

func t ions ,  t h e  r e s u l t s  of t h e  p re sen t  s e c t i o n  are d isp layed  i n  

.as "disaggregated" form as is f e a s i b l e  he re .  

3 .2 .1  THEOREM: L e t  X = Xa x Xa be  a compact (Hausdorff)  space ,  l e t  

f :  X -f R be  cont inuous,  and l e t  ?:Xu 3 R b e  def ined  by f (x") = 

Sup f ( ' ,  x"). Define a:Xa -f X by 

a a 
1 = ( x a l f ( x  a , x ) - > T(xa)}. I . 

Then t h e  graph I ' (a)CX of a i s  compact and, hence, a is upper 

semi-continuous witha (x ) non-empty and compact (xa E Xa) . a 
I ;-. 



44 

I 

Proof:  From t h e  c o n t i n u i t y  of f ,  it  fo l lows  that  Y = f(X) i s  

compact and, by 3.1.4.3, t h a t  z i s  cont inuous.  Since R is Hausdorff ,  

t h e  graph T ( f ) C  X X Y  of  fand  the  graph r(T) C X a  x 

are then both c losed ,  hence compact. 

and s o  is  (X xT( f ) )  ( ) r ' ( f ) .  = B. Hence, t he  p r o j e c t i o n  IT ( R )  

is  compact. O b v h u s l y ,  r ( a )  = nX(R). 

non-empty by the  compactness of X 

Y of  % - - _- 
Thus, Xa x r ( f )  is compact 

- 
a x 

For each xa E X a ,  a (xa)  is 

x { x a )  and t h e  Cont inui ty  of a 

f ;  i t  is  compact, s l :  1 it is  t h e  p r o j e c t i o n  R 

of a compact set. F i i la l lv ,  a is upper semi-continuous by 

c losedness  o f r ( a )  and compictness of Xa , us ing  Lemma 2 of 

( (Xa X {x")) f l r ( a ) )  
xc% 

[Fan, 19521. 

3.2.2 COROLLARY: I f  t he  c o l l e c t i v e  behavior  space  of a s ta t ic  s o c i a l  

system is compact and w 
(each) a has  a compact graph and, hence i s  upper semi-continuous, 

is continuous f o r  (each) . behavor a , then a 

s e l e c t i n g  a compact and non-empty choice  set i n  its behavior  

space  i n  r e a c t i o n  t o  each a-exc lus ive  behavior .  

.. 
Proof:  Replace f i n  3 .2 .1  by wa. - .  

3.2.3 COROLLARY: The conseque&e i n  3 . 2 . 2  ho lds  i f  t h e  c o l l e c t i v e  

behavior space i s  compact and ua, h, and g, are continuous 

Proof :  I f  u h and O1are a l l  cont inuous,  - a' 01 
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# ' .  . 

3.2.4 LEMMA: L e t  Z b e  convex i n  a real v e c t o r  space and l e t  g:Z -f R . 
u:Z x R + R be  two real-valued func t ions ,  such t h a t  u i s  non- 

dec reas ing  i n  r E R,  i .e . ,  such t h a t  f o r  a l l  z E Z, i f  r ,  s E R, 

and r - < s, then u ( z , r )  5 u(z , s ) . -Def ine  f : Z  -+ R by f ( z )  = u ( z , c ( z ) ) .  

Then f is quasi-concave i f  g is  concave and u is  auasi-concave. 

Proof:  If Z is empty, then  t h e r e  is nothing t o  prove. So l e t  

z ,  z '  E Z ,  A = 1 - A '  E [0 ,1 ] ,  .and denote  'i = Xz 4- X'z'. Then 

3.2.5 COROLLARY: I f  t h e  behavior  space Xa is convex i n  a real  v e c t o r  

space  and Y" = ha($), then wa i s  quasl-concave on X, X 

g is  concave on X x {y"} and u is quasi-concave on 

X" x {Y"} 

.. 
{ya} i f  

.. 
a a a .. 

g a ( X  " x {v")) (v" =h (xu) ,  xa E: X"). " 
Proof:  A d i r e c t  a p p l i c a t i o n  of 3.2.4.  

it 

3 . 2 . 6  COROLLAZY: I f ,  i n  a d d i t i o n  t o  t h e  hypothes is  of 3.2 .5 ,  

X i s  compact and convex i n  a real l i n e a r  t o p o l o g i c a l  space ,  

and f o r  eacb y" E 

on xCc x {pa) 

01 .. 
Y", gG. and uoI are, r e s p e c t i v e l y ,  cont inuous 
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and upper semi-continuous on  X x {y0!)x 

a(xa) i s  non-empty, compact and convex for eacb d" E Xu . 
Proof:  

(X xlIym} ), then a a c t  

Since X, is  compact, so is X a  x CY"). siimL.oe is a 

continuous s o  is  E, (Xa x {yay)) compact. By t h e  s a m e  reason  
- _- 

.a - -  

and t h e  upper- semi-cont inui ty  of ua , w is  upper  semi-continuous a 
on Xa X x", f o r  anv xa E Xa. Thus, for  each xa E X" , Ga a t t a i n s  

.. 
a supremum s*(x") on some (xfa ,  xa) E X, x {xcLl.. Since  w, is  

.. 
upper semi-continuous on x a x {x") , 01 (x") = Cxa e x"] wa (xa,x") 

- > s*(xc")  1 is c losed ,  hence compact, wh i l e  obv%omsily non-empty 

from t h e  previous sen tence ,  (x" E X"). 

quasi-concave 0.n Xa x {x"], -so t h a t  

.. 
From 3 L Z , S ,  wa i s  also 

"(X") is a&o convex (x" E: X") . 

3 . 3  Topological  P r o p e r t i e s  of Behavors i n  Dynamic Soc%al Systems 

The p resen t  s e c t i o n  is  o f f e r e d  t o  serve the.  a n a l y s i s  of 

dynamic s o c i a l  systems i n  a r o l e  analogous t o  tha& of t h e  last  

s e c t i o n  f o r  t h e  case of s ta t ic  s o c i a l  systems.  l!jm a narrow sense ,  

t h e  s e c t i o n  is a imed a t  t h e  e x i s t e n c e  theory  of e q u i l i b r i u m  f o r  

dynamic s o c i a l  systems, presented i n  4 . 3 ,  but i&e f a c t s  recorded 

are a c t u a l l y  of wider i n t e r e s t .  

~ 

A s  t h e  las t  s e c t i o n  s p e l l s  o u t  - a l b e i t  f a r  ithe s ta t ic  case  - 

how var ious  p r o p e r t i e s  of i ts  behavors d e r i v e  jhmm t hose  of o the r  

e lements  of a s o c i a l  system; t h e  p r e s e n t  sectiem avoids  t h e  

corresponding e x e r c i s e  i n  t h e  dynamic case .  

,- I.-. 

This i s  i n  the  belief 
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f '  

t h a t  t h e  l a s t  s e c t i o n  provides  an easy enough model t o  i m i t a t e .  

The p resen t  s e c t i o n  can, t h e r e f o r e ,  a f f o r d  t o  b e  b r i e f e r .  
. 

3.3.1 THEOREN:' L e t  Xa and Xff be  compact (Hausdorff) spaces ,  
_ c  _- .. . 

and l e t  wa: Xu; x X" 3 R b e  continuous.  
- .. 

and x" E: X", denote wa = Sup <;a(*, x"), 
'k" 

a(k,, x") = fx, €*ka1 Ga(xa, x") - > 

For gene r i c  k E: C(X ) a a 

and d e f i n e  

Then, t a k i n g  t h e  f i n i t e  topology on C(X ), t h e  graph 

r ( a )  

w i t h  each a(kCrxa) non-empty and compact. 

a 
C(XJ x X" x Xa is-compact and, hence,  01 i s  USC, 

Proof:  By c o n t i n u i t y  of 6" , t h e , s e t  

B = {(ka, x", xa , r ) l r  - < ca(xcc, 

- .. 
i s  closed.  By c o n t i n u i t y  of wO1, w 

set 

is " continuous,  s o  t h a t  t h e  

n - 
r+G) = {(k,' xa, r ) l r  - > w(kol, x")) 

is  c losed  a l s o .  Hence S f 1  (r (G)  x Xa) is  c losed .  I n  f a c t ,  i t  i s  

compact as a subset of the compact C(X,) x Xa x X, x 
- + 
tja(Xa x X"), 

so t h a t  i t s  p r o j e c t i o n  P i n t o  C(X,) x X" X Xa is compact. 

Now P i s  simply the  set --? 
I. 
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Defin ing  the  map L':C(X,) x Xa -f X by 
a 

P f I  r(L') is  compact. Observing thatr(ct)  = POI'(L') completes 

t h e  proof .  

- _- - 

3.3 .2  COROLLARY: L e t  La and L" b e  real l i n e a r  TI spaces ,  l e t  X, E 

.. 
kQ(L,) and l e t  Xa E kQ(L"). 

and assume t h a t ,  f o r  each xa E Xa, wu i s  quasi-concave on X 

(x"). Definea: CQ(Xa) x Xa=+ X,, f o r  gzne r i c  .k 

xa E Xa, by 

L e t  wu: X,x Xa + R b e  continuous 

x 
.. 

a 

E CQ(X,) and a 

*- 

- 
where wa(ka, x") = Sup Gu ( = ,  @). Then ct i s  usc wi th  compact 

k" 
graph and w i t h . e a c h  a(k , x") non-empty, compact and convex, 

u 
t a k i n g  the  f i n i t e  topology on CQ(X,). 

Proof:  

from t h e  l a s t  thedrem, f o r  a l i n e a r  T 

T2 (Hausdorff) .  Given any (ka, xa) E CQ(X,) x X", t h e . q u a s i -  

concavi ty  of  wu on Xa x {xu) ensures  t h e  convexi ty  of t h e  set  

All b u t  t h e  f a c t  t h a t  each u(ku,xa) i s  convex fo l lows  

space  Is c e r t a i n l y  , 1  

{xu E X,Ica(xu, xa) _ +  L_ija(ka,xu)). I .  

But  a(k,, x") is noth ing  b u t  t he  i n t e r s e c t i o n  of t h i s  set wi th  

t h e  convex k,, so  a ( k a ,  x,) i s  also ccnvex. 



4. EVOLUTION AND EQUILIBRIUM I N  SOCIAL SYSTEMS 

~ .. 
This chapter  is  concerned wi th  equf l ibr ium i n  s o c i a l  systems. 

The no t ion  of ' equi l ibr ium'  i s  b r i e f l y  compared wi th  those  of 

'Pare to  p o i n t '  and ' core  p o i n t '  as t r e a t e d  i n  economic theory and 
_ -  

t h e  theory  of games. Equi l ibr ium p o i n t s  are then considered 

as f ixed  p o i n t s  of c e r t a i n  mappings, c a l l e d  "evolut ions ' f ,  r e p r e s e n t i n g  

t h e  way i n  which c e r t a i n  adjustment processes  o p e r a t e  for var ious  

types of s o c i a l  sys t em.  

'Of t h e  f i v e  very  gene ra l  types of s o c i a l  system s t u d i e d  f o r  

t h e  e x i s t e n c e  of an  equi l ibr ium,  t h e  f i r s t  ( tvpe  0) is  static. 

The remaining types  ( I - I V )  are-dynamic. All f i v e  types ,  c l a s s i f i e d  

accord ing  to var ious  topo log ica l  p r o p e r t i e s  which they s a t i s f v  , are 

u n r e s t r i c t e d  i n  t h e  c a r d i n a l i t y  of t h e i r  personnel ,  so  t h a t  t h e  

personnel  can be  f i n i t e ,  countably i n f i n i t e  o r  uncountably i n f i n i t e .  

The behavior  spaces  a r e  compact and convex i n  l o c a l l y  convex 

real  l i n e a r  t opo log ica l  spaces  i n  t h e  case  of t y p e  0 s o c i a l  

sys tems;  they are compact and convex i n  normed real  l i n e a r  

t opo log ica l  spaces  i n , t h e  case of tvpes  I - I V .  For a l l  f i v e  

types  of s o c i a l  system, t h e  set of e q u i l i b r i a  is  shown t o  b e  

non-vacuous, compact, and, i n  c e r t a i n  c a s e s ,  a l s o  convex. 

The e x i s t e n c e  r e s u l t  f o r  equ i l ib r ium i n  t h e  case of type  0 

s o c i a l  systems i s  proved by use  of: ( e f f e c t i v e l v  a f ixed  p o i n t )  

theorem of Fan (1952). In s o c i a l  systems of types  I - I V Y  t h e  e x i s t e n c e  

of s o c i a l  equ i l ib i rum i s  e s t s b l i s h e d  by anplv ing  a f i x e d  p o i n t  

theorem of Prakash  and Ser te l  (1970 a )  f o r  c e r t a i n  ( r e a l  s e m i -  

J 
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. 
l i n e a r  t opo log ica l )  spaces  developed by t h e s e  aut (1970 b ) .  

These l a t te r  e x i s t e n c e  r e s u l t s  are ex tens ions  - o&fiEiined by 

encorporat ion of '  impression, i n c e n t i v e  and ih te rpreWnt ion  

schemes - of r e s u l t s  developed by Prakash and SerCeJl (1970 c ) .  

_- 

z. -:. 
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-._ 
. .  . . . . . . . . . 

4.1 Notions of S o c i a l  Equilibrium 

Of t h e  many d i f f e r e n t  no t ions  of 'equi l ibr ium'  t h a t  are - _- - 

r e l e v a n t  t o  th;? s tudy  of s o c i a l  systems, t hose  which have a t t r a c t e d  

t h e  most a t t e n t i o n  i n  t h e  s tudy  of games and economies are t h r e e  

k i n d s .  

al though t h e  o t h e r  two "Pareto point"  and "core point",  are a l s o  

e q u i l i b r i a  i n  a r ea l  s e n s e  and sometimes recognized as such. While 

Only one of t h e s e  real ly  goes under t h e  name of "equilibrium", 

t h e  p r e s e n t  s tudy  i s  concerned mainlv with t h e  f i r s t  of  t h e s e  and 

i t  is t h e  e x i s t e n c e  of e q u i l i r r i u m  i n  t h i s  p a r t i c u l a r  s ense  t h a t  

i s  e s t a b l i s h e d  i n  t h e  o t h e r  s e c t i o n s  of  t h i s  chap te r  f o r  c e r t a i n  

types of s o c i a l  systems, t h e  study:.might ga in  p e r s p e c t i v e  i f  t h e  

r e l a t i o n  between t h e  mentioned t h r e e  'k inds of  eq.uilibrium is 

i n d i c a t e d .  (To adhere t o  t h e  most common usage, "equilibrium" 

w i l l  h e r e a f t e r  be used t o  r e f e r  t o  t h e  f i r s t  mentioned of  t hese . )  

To d e f i n e  ' equ i l ib r ium ' ,  ' P a r e t o  po in t '  and ' co re  p o i n t '  i n  

a f a s h i o n  t h a t  w i l l  a l low easy comparison, a few p repa ra to ry  

d e f i n i t i o n s  are i n  o r d e r .  

a game o r ,  i n  general', a s t a t i c  s o c i a l  system, s f n c e  t h e  n o t i o n  

of ' a d m i s s i b i l i t y '  l o s e s  its importance i n  t h a t  case, as t h e  

r e a d e r  w i l l  n o t i c e  f o r  himself immediatelv t h e  d e f i n i t i o n  is 

given. The no t ion  of 'blockinp,' by "coa l i t i ons"  is p i v o t a l  f o r  

These become simpler  i n  t h e  case o f  

t h e  comparison between t h e  t&ee k inds  of p o i n t  (equi l ibr ium, 

P a r e t o  and c o r e ) .  
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4.1.1. Def in i t i on :  L e t  A b e  t h e  personnel  of a s o c i a l  s y s t e m  S .  Any . . .. 

non-empty subse t  B c A w i l l  be  c a l l e d  a c o a l i t i o n  pf S, and 

t h e  n o t a t i o n  XB = UXa, XB = II Xay DB - - n Da, DB = JI D w i l l  
B A \B B A \ B ~ ~  

be  adopted with gene r i c  elements denoted a s  x E %, x E XB, 
B 

dB E D dR , , D B .  
B' 

4.1.2. Def inf t ion :  L e t  x be a c o l l e c t i v e  behavior  and d a c o l l e c t i v e  

f e a s i b i l i t y  of a s o c i a l  system S with personn-el A. 

(x,d) w i l l  be  s a i d  t o  be inadmiss ib le  f o r  a ( a  E A) i f f  

The p a i r  

a (x) = xa g! da = a (d): o therwise ,  i t  w i l l  be s a i d  t o  

be  admiss ib le  f o r  a ;  (x ,d)  w i l l  be s a i d  t o  be admiss ib le  f o r  B , 
a c o a l i t i o n  of S ,  i f f  (x ,d)  is admiss ib le  f o r  each c1 E B; 

o therwise ,  it w i l l  be  s a i d  t o  b e  inadmiss ib l e  f o r  B. (x ,d)  

w i l l  be  s a i d  t o  be  ( in )admiss ib l e  i f f  i t  is  ( in)admiss ib le  f o r  

xa - 

A. 

4.1.3 Def in i t i on :  L e t  S be a s o c i a l  system, L e t  B be a c o a l i t i o n  

(xB9 xB), d = (d , dB) be a c o l l e c t i v e  of S ,  and l e t  x = 

behavior and a c o l l e c t i v e  f e a s i b i l i t y ,  r e s p e c t i v e l y .  I f  

B 

t h e  p a i r  (x ,d)  is admiss ib le  f o r  R ,  then  it  w i l l  be  s a i d  

t o  b e  blocked by B i f f  t h e r e  e x i s t s  y E d such t h a t  
B B  

ho lds  f o r  a l l  $ E B and 
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ho lds  f o r  some R E B. I f  (x,d) i s  admiss ib le  f o r  B ,  then i t  w i l l  

be  s a i d  $0 be  unblocked by B i f f  it is  n o t  blocked by B. 

The n o t i o n s  of ' equ i l ib r ium ' ,  'Pareto p o i n t '  and ' core  p o i n t '  

can now be  given p r e c i s e  meaning by-the fo l lowing  d e f i n t i o n .  

4.1.4 Def in i t i on :  L e t  x b e  a c o l l e c t i v e  behavior  and d a c o l l e c t i v e  

f e a s i b i l i t y  of a s o c i a l  system S wi th  personnel  A ,  such t h a t  

t h e  p a i r  (x,d) is  admiss ib le .  The p a i r  (x,d) w i l l  be  c a l l e d  

an equ i l ib r ium ( p o i n t )  of S f f f  i t  is  unblocked by each s i n g l e t o n  

c o a l i t i o n  f a }  A; i t  w i l l  be  I c a l l e d  a Pa re to  p o i n t  o f  S i f f  it 

i s  unblocked by A; it  w i l l  be  c a l l e d  a c o r e  p o i n t  - of  S i f f  i t  

i s  unblocked by a l l  c o a l i t i o n s  of  S. The equ i l ib r ium set  of 

S is t h e  set of a l l  e q u i l i b r i a  of S .  The P a r e t o  set of S 

i s  t h e  set of a i l  Pa re to  p o i n t s  of S: the c o r e  of  S is  t h e  set  

of a l l  c o r e  p o i n t s  of S. 

The comparison between equi l ibr ium,  P a r e t o  and c o r e  p o i n t s  of 

a s o c i a l  system is  now abso lu te ly  c l e a r .  Simple b u t  important  

consequences of t h e  d e f i n i t i o n s  are t h a t  a l l  c o r e  p o i n t s  are 

e q u i l i b r i a  as well as Pa re to  p o i n t s ,  so t h a t  t h e  core is contained i n  

t h e  i n t e r s e c t i o n  of t h e  equ i l ib r ium set  wi th  t h e  P a r e t o  set .  

Thus, the  c o r e  is empty when, f o r  i n s t ance ,  S does n o t  have 

an equi l ibr ium.  I n  t h e  la ter  

I I.-. 
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. 
s e c t i o n s  of t h i s  c h a p t e r ,  s u f f i c i e n t  c o n d i t i o n s  are given 

f o r  S t o  have a n  equi l ibr ium. Demonstrating s u f f i c i e n t  

condit ' ions f o r  t h e  P a r e t o  set  o r  t h e  c o r e  t o  be  

non-vacuous i s  a r e s e a r c h  problem n o t  t a c k l e d  i n  t h i s  s tudy .  

.-  

Although it  c e r t a i n l y  w i l l  n o t  be  a survey of t h e  

l i t e r a t u r e ,  a b r i e f  ske t ch  of t h e  h i s t o r y  of t h e  above i d e a s  

w i l l  now b e  given. The i d e a  o f  a n  equ i l ib r ium p o i n t  f o r  a 

compe t i t i ve  economy, i n  t h e  sense  o f  a p r i c e  v e c t o r  equa t ing  

supply t o  demand i n  each market,  is  commonly a t t r i b u t e d  

t o  Walras (1881). 

under r a t h e r  r e s t r i c t e d  c o n d i t i o n s ,  t h a t  an equ i l ib r ium 

e x i s t s  f o r  each of a pu re  production and a pure exchange 

Wald cl933-4, 1934-5, 1951) proved, 

economy. Arrow and Debreu (1954), based on a s tudy of Debreu 

(1952), demonstrated f o r  t h e  f i r s t  t i m e  t h e  e x i s t e n c e  of a n  

e q u i l i b r i u m  f o r  a competi t ive economv i n  which product ion,  

exchange and consumption a l l  take p l a c e ,  u s ing  less 

s t r i n g e n t  assumptions than  t h o s e  of Wald. One v e r y  good 

reason why a survey of the l i t e r a t u r e  up t o  1954 is  n o t  

given 

c o n t a i n s  an e x c e l l e n t  such survey. The e x i s t e n c e  theorem 

of Debreu (1952) f o r  a s o c i a l  equ i l ib r ium (where, however, 

here i s  that  t h e  mentioned work of Aerow and Debreu 

t h e  " s o c i a l  system" is  a c t u a l l y  the same as t h a t  def ined t o  

be  an "economy" i n  

2.2 of  t h e  present  

ArroG and Debreu (1954) - see a l s o  s e c t i o n  

. .  . 
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o f  Arrow and Debreu (1954), and t h a t  theorem 

on a - c o r o l l a r y  of t h e  f i x e d  p o i n t  theorem of 

i s  itself based 

E i  1 enb er g 
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and Montgomery (1946). IJsgng Kakutani 's  (1941) f i x e d  p o i n t  

theorem, McKenzP (1955) ob ta ined  improvements' on t h e  Arrow 

and Debreu study. A l l  of t h e s e  works used f i n i t e  dimensional 

- -- 

methods. They succeeded i n  providing economics wi th  t h e  

equ i l ib r ium whose v a r i o u s  o p t i m a l i t y  and s t a b i l i t y  a s p e c t s  

had long  been discussed and many worked o u t  by a long and 

formidable l i s t  of a u t h o r s .  Newman's (1968) e x c e l l e n t  

c o l l e c t i o n  is  one good e n t r y  i n t o  t h e  box of gems t o  which 

a l l  of  t h e  above belong. 

The i d e a  of a n  equ i l ib r ium f o r  a game w a s  f i r s t  formally 

introduced i n  some g e n e r a l i t y  bv Nash (1950) and proved t o  

e x i s t  by him (1950, 1951),  f i r s t  by u s e  o f  Kakutani 's  and 

then by use  of Brouwer's f i xed  p o i n t  theorem. me game d e a l t  

w i th  w a s  a f i n i t e  personnel  non-cooperative one w i t h  behavior  

spaces  (compact and convex) i n  Euclidean spaces .  

For information concerning t h e  P a r e t o  set ,  t h e  c o r e  and 

t h e  r e l a t i o n s  between t h e s e  and t h e  equ i l ib r ium set, t h e  

fol lowing s.hort l ist  might provide a r easonab le  means of 

e n t r y  i n t o  the  a s s o c i a t e d  game-theoretic and economic 

l i t e r a t u r e  : (Edgeworth, 1881) , (von Neumann and Morgenstem , 

1944),  (Arrow, 1950) ,(Gillies, 1953, 1959),  (Bondareva,l962) 

(Debreu and Scarf 1963)'j (Vind 1964) , (Aumann, 19641, 

(Shapley, 1965),  Scarf, 1967) .  O f  these (Aumann, 1964)  
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con ta ins  a short bu t  i l l u m i n a t i n g  discuss ion  of t h e  development 

of the area. 
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4.2 Evolution and Equi l ibr ium i n  S t a t i c  Soc ia l  Systems 

In  t h i s  s e c t i o n  an  equi l ibr ium'of  a s ta t ic  s o c i a l  system is  

defined as a f ixed  p o i n t  of a c e r t a i n  t ransfor inat im c a l l e d  an - _- - 

evolut ion",  and a s u f f i c i e n t  condi t ion  is demonstrated f o r  t h e  If 

e x i s t e n c e  of such an equi l ibr ium. The "static c o n t r a c t u a l  set'!, 

i .e. ,  t h e  set  of e q u i l i b r i a  of a s ta t ic  s o c i a l  system, i s  shown 

t o  be compact i f  t he  mentioned s u f f i c i e n t  condi t ion  i s  s a t i s f i e d .  

This  c o n t r a c t u a l  set is shown a l s o  t o  be convex i f  c e r t a i n  

l i n e a r i t y  condi t ions  hold which y i e l d  the  e f f e c t i v e  u t i l i t y  
- 

funct ions l i n e a r .  

4.2.1 Notat ion and Convention: I n  t h e  case  of s ta t ic  s o c i a l  systems 

it  i s  p o s s i b l e  t o  somewhat s impl i fy  t h e  n o t a t i o n  adopted f o r  

d e a l i n g  wi th  s o c i a l  systems i n  genera l .  This s i m p l i f i c a t i o n  is 

permit ted by t h e  f a c t  t h a t t h e  * f e a s i b i l i t y  t ransformat ions  t of a 

a s t a t i c  s o c i a l  system are a l l  cons tan t  func t ions ,  t h e  t y p i c a l  

t, 

From t h i s  f a c t  i t  is c l e a r  t h a t  no g e n e r a l i t y  is  l o s t  by 

a s s ign ing  a f ixed  d CX, t o  every po in t  i n  i t s  domain. a 

assuming d, - = X, , i . e . ,  Da = {Xa], f o r  a l l  the behavors 

CL E A .  Taking advantage of th i s , ,  t he  set  T E S can be  f u l l y  
I 

s p e c i f i e d  and suppressed by r ep resen t ing  a s t a t i c  s o c i a l  system 

S i n  t h e  form <w, U, H, G ,  I A> . For, whenever a s o c i a l  

system i s  s p e c i f i e d  i n  thZs way, i t  w i l l  be understood t o  be  
,- 

s t a t i c  and t h e  cons tan t  c o l l e c t i v e  f e a s i b i l i t y  w i l l  be taken t o  b e  
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t h e  collective behavior space  X. I n  t h i s  case, s i n c e  t h e r e  

is  always one  c o n s t a n t  f e a s i b i l i t y  d, = X, f o r  each behavor 

c1 E A, t h e  behavors become simply point-to-set  mappings 

a: Xa + X 
.- 

def ined  by 
, a  

where 

. G a ( P )  = sup igy,, xa). 

WX, - 

4.2.2 D e f i n i t i o n s :  The e v o l u t i o n  of a(static) s o c i a l  svstem 

S = <W, U, H ,  G ,  I, A > . i s  a t r ans fo rma t ion  E: X -f [XI def ined  

f o r  each x E X ,  by 

*I 

E(x) = ll a(7ixa(x) ) .  
A 

4 . 2 . 3  Def in i t i on :  The (static) c o n t r a c t u a l  set  of a s ta t ic  s o c i a l  

system S i s  t h e  set C = (x E Xlx E E ( x ) ) C X  of f i x e d  p o i n t s  

of t h e  e v o l u t i o n  E of S .  A c o l l e c t i v e  behavior  x E X is  c a l l e d  

a ( s t a t i c ) s o c i a l  c o n t r a c t  o r  equ i l ib r ium of S i f f  x E C .  

4.2 .4 .  D e f i n i t i o n :  A s t a t i c  s o c i a l  system S w i l l  b e  c l a s s i f i e d  as 

type  0 ("type zero") i f f  t h e  fol lowing cond i t ions  are s a t i s f i e d  

f o r  each behavor c1 E A: .;. 
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i (1) X a  E RQ(La) f o r  some l o c a l l y  convex real l i n e a r  

t opo log ica l  space L, : 

.* 
(2) wa i s  cont inuous on X and quasi-concave on X, x {xa}for each 

- 
/ 

xa E x". 

The main theorem, 4.2 .6 ,  of t h i s  s e c t i o n  will be  proved 

by use  of t h e  fo l lowing  ( f ixed  p o i n t )  theorem. 

4.2.5 THEOREM [Fan, 19521: L e t  {Lala  E A} be a family of l o c a l l y  

convex real  l i n e a r  topologi-cal spaces .  For each a E A ,  le t  

X, E KQ(L,) and l e t  X" = IT X B .  L e t  X = TIX, and l e t  
A\fal A 

(I'(a)la 

f o r  any p o i n t  x E X, and f o r  any 

where xu = ?I (x) and 

E A I  be a family of c losed  s u b s e t s  of X. I f ,  

ct E A ,  t h e  set a(x") E 0 ( X a ) '  

X" 

4.2.6 THEOREX: Every type  0 s o d - a 1  s y s t e m  h a s  an equi l ibr ium.  

Proof: By 3.2.2, t h e  graph r ( a )  of each behavor a i n  

the  personnel  A s a t i s f i e s  a l l  b u t  the requirement  t h a t  

a(x")  C X 

is s a t i s f i e d ,  however, s i n c e  w, is Uuasi-concave. 

is convex f o r  each.  E X a .  This  requirement 
a r .. 52 

Thus, 
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(]r(,) # 4 ahd, e v i d e n t l y  any p o i n t  x i n  t h i s  i n t e r s e c t i o n  is  
A 
a f i x e d  p o i n t  of t h e  evo lu t ion ,  Le., an equi l ibr ium.  

- _- - 
4.2.7 - COROLLAPY: 

space  which is compact and convex i n  a l o c a l l y  convex real 

A s t a t i c  s o c i a l  s y s t e m  wi th  a c o l l e c t i v e  behavior  

l i n e a r  t o p o l o g i c a l  space i s  of type  I), hence has  an  equi l ibr ium,  

i f  t h e  fol lowing cond i t ions  are. s a t i s f i e d  f o r  each behavor 

c1 i n  t h e  personnel :  

(1) u, is quasi-concave on X, x Iy"1for each y a  E h,(Xa), 

and u, is cont inuous;  

-(2) ha is cont inuous ; 

( 3 )  g, i s  concave on X, x {y")for each yo E h, (X"> and 

g is  cont inuous.  
.. 

CI 

.. 
Proof:  

t i v e l y , o n  X, x {y"), i t  fol lows by 3 . 2 . 4  

concave on t h e  same (y" E h,(Xffj; a E A ) .  Hence a(xCI) 

is  convex f o r  each xa E: X" and a E A. From t h e  c o n t i n u i t y  of 

u, , ha 

From the quasi-concavi ty  and concavi ty  of u,, g,, respec- 

t h a t  G, is quasi-  

.. 
and g, , i t  fo l lows  t h a t  G, is  cont inuous,  'so t h a t  t h e  

s o c i a l  system is  of type  0. Now 4.2.6 a p p l i e s .  

4 .2 .8  I_____ THEOREM: "he c o n t r a c t u a l  set  C of a type 0 s o c i a l  system is 

compact . 
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. 
Proof:  

of a l l  t h e  behavors,  which is  compact s i n c e  each r (a )  i s  compact 

C lea r ly ,  C is ' p rec i se ly  t h e  i n t e r s e c t i o n  of t h e  graphs r ( a )  

_..- by 3.2.2. - -  
! .  

# 

4.2.9 THEOREM: The c o n t r a c t u a l  set of a type 0 s o c i a l  system S is 

convex i f  t h e  e f f e c t i v e  u t i l i t y  func t ion  of each behavor c1 i n  

t h e  personnel  of S i s  l i n e a r  (both concave and convex). 

Proof:  It s u f f i c e s  t o  show t h a t  t h e  graph r ( a )  of an a r b i t r a r y  

behavor a i n  t h e  personnel  is  convex. Let a be  such a behavor, 

and l e t  x, y ,  E r(ct), where x = (xa,  xcr) and 

y = (ya, y$). 

X = 1 -A'  ~ [ 0 , 1 ] .  Then 

l i n e a r i t y  of . Since x, y E l ' ( a ) ,  (x) = @,(xa) and 

G,(y) = W,(ya]. But, by 3.1.4.6.1.c and t h e  

l i n e a r i t y  of wa , V a t s  l i n e a r  a l s o .  Hence., ( z a )  = 

AiS,(xa) -I- A '  $,(ya), so t h a t  Ga (2") = ; ; , (z ) ,  implying t h a t  

Define z = ( z " ,  z, ) = Ax + A '  y f o r  any 

( z )  = Aiia(x) + A '  tJa(y), by 

- 
I - 

c1 - - 

Z".E a ( z a ) ,  i . e . , tha t  z E I ' ( a ) .  Thus, r ( a )  is convex, completing 

t h e  proof .  

4.2.10 COROLLARY: L e t  S b e  as i n  4.2.9,  and l e t  A b e  t h e  personnel  

of S .  Denote Y" = h,(X") €o r  each a E A. Assume t h a t ,  f o r  
I *:. 

each 

and 'x"be1ong t o  Xu. 

a E A ,  ha(A x" + 'A"xff) = Aha(xa) 4- 'Aha(' x'I) i f  xol 

Assume t h a t  & is  l i n e a r  (concave and 
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convex on X, x Y", f o r  each a EA. I f  u 

Xa x Ya X ga(X, x YOL> f o r  each , ' E A ,  then t h e  c o n t r a c t u a l  

set of S i; convex. 

is  l i n e a r  on 
0. .. 

- .- 

Proof: 

t h a t  g, (xa, h (xa)) i s  linear on X. 

(though ted ious  t o  show) t h a t  t h e  hypothesis  concerning ua then  

It fol lows from t h e  hypothesis  concerning ha and i, 
.. 

It is easy t o  see 
ci 

.. .. 
ensures  t h e  l i n e a r i t y  of w, . Since w is thus  l i n e a r  from a 

each A ,  t h e  des i r ed  r e s u l t  follows by 4.2 .9 .  

_- 
I/ 
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4 . 3 .  Evolut ion and Equi l ibr ium i n  Dynamic S o c i a l  Systems 

. 
The primary a i m  of t h i s  s e c t i o n  is t o  demonstrate reasonably 

u n r e s t r i c t i v e  s u f f i c i e n t  cond i t ions  f o r  t h e  e x i s t e n c e  of what w i l l  

b e  de f ined  t o  b e  a dynamic s o c i a l  equ i l ib r ium.  Although onlv 

one type  .of evo lu t ion  and s o c i a l  e q u i l i b r i u m  needed c o n s i d e r a t i o n  

i n  t h e  case of s t a t i c  s o c i a l  systems, i n  t h e  case of dynamic 

s o c i a l  systems s e v e r a l  types of evo lu t ion  and several corresponding 

types of equ i l ib r ium deserve a t t e n t i o n .  For ,  i n  the dynamic case, 

t h e  f e a s i b i l i t y  t ransformations are no longe r  r e s t r i c t e d  to b e  

c o n s t a n t  maps, s o  t h a t  v a r i o u s  forms of r e l a x a t i o n  of t h e  constant-  

ness of t h e s e  maps can be considered i n  con junc t ion  w i t h  v a r i o u s  

assumptions governiny t h e  behavnrs , y i e l d i n g  a v a r i e t y  of 

- 

cond i t ions  each of which a f f o r d s  an e x i s t e n c e  theorem f o r  an 

a s s o c i a t e d  type of s o c i a l  equi l ibr ium. Furthermore, none of t h e s e  

s u f f i c i e n t  cond i t ions  imp l i e s  t h e  o t h e r ,  so t h e  e x i s t e n c e  

theory f o r  s o c i a l  e q u i l i b r i u m  i n  dynamic s o c i a l  s.ystems does no t  

reduce t o  a s i n g l e  

t h i s  au tho r  is  n o t  

To compact i f y  

theorem as it d i d  i n  t h e  s t a t i c  case - a t  l ea s t ,  

a b l e  t o  assert such a r e d u c t i o n  a t  t h i s  t i m e .  

t h e  st r iement of t h e  e x i s t e n c e  theorems f o r  

dynamic s o c i a l  equilibria . , i t  is convenient earl ier t o  have def ined 

types of s o c i a l  systems accordingly as thev s a t i s f v  c e r t a i n  

cond i t ions .  I n  t h i s  w a v  t h e  s u f f i c i e n t  c o n d i t i o n s  for  e x i s t e n c e  of 

an equ i l ib r ium are coll .ected under each "tvpe", and t h e  hvpotheses 

of t h e  e x i s t e n c e  theorems are shortened t o  become assumptions 

tha t  t h e  s o c i a l  svs tem i s  of one tyDe o r  ano the r .  Also,  c o l l e c t i n g  

2. 5-. 



65 

a l l  of t h e s e  types  i n  one subsec t ion  is  in tended  t o  f a c i l i t a t e  

t h e i r  comparison wi th  each o t h e r .  The fo l lowing  s e c t i o n  is  

t h u s l y  motivated.  

_.- - - 
4.3.1 Types of  Dynamic S o c i a l  System 

It h e l p s  t h e  e x p o s i t i o n  t o  c o l l e c t  a t  t h e  o u t s e t  a l l  

t h e  common f e a t u r e s  of t h e  dynamic s o c i a l  systems t o  be 

considered here .  The f i r s t  common f e a t u r e  o f '  t h e s e  is t h a t  t h e  

behavior  space X, o f  each behavor 01 i s  assumed t o  be  non-emptp 

compact and convex i n  some normed real  l i n e a r  t opo log ica l  space  - 

(4.3.1.1) X E kQ(L ) (a E A ) . .  a ct 

Secondly, t h e  e f f e c t i v e  u t i l i t y  functi-on, G Y of each 

behav ota E A i s  assumed t o  be  continuous (on X) and (its 

r e s t r i c t i o n )  

a 

quasi-concave on X x Exct} f o r  each xa E X" : a 

( i )  w a : X  + R i s  cont inuous,  

( 4 . 3 . 1 . 2 )  * ( a  E A ) .  

( i i )  w,:X, x (xa) + R i s  auasi-concave 

F i n a l l y ,  t h e  f e a s i b i l i t y - s p a c e  D, of each behavor 01 E A is  

assumed t o  be  t h e  Hausdorff m e t r i c  space (see 4 . 3 . l . 5 )  of all 
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non-empty c losed  (hence compact) and convex s d b s e t s  of X : . a 

(4.3.1.3) D, = CO(Xa) (01 E AIy 

- - 

This g ives  s i m p l i c i t y  t o  t h e  fo l lowing  de f  5 d t S o n .  

4.3.1.4 Def in i t i on :  A s o c i a l  system s a t i s f y i n g  4.3..IL,l-3 is c l a s s i f T e d  

as type  I i f f  t h e  f e a s i b i l i t y  transformat3om 

ta: n CQ(X,) x x -+ CO(X,) 
A 

- 
i s  cont inuous f o r  each behavor ci E A 

'. 4.3.1.5 LF,"IMA: I f  X is compact and convex i n  a meEn:iic l i n e a r  space  

and C(X) h a s  t h e  Hausdorff m e t r i c  [or,equfv&R-cntly (see 3.1.2.13),  

the f i n i t e ]  topology, then C(X) and i ts  s u B s p x e  CO(X) are both 

compact and convex. 

Proof:' The compactness of C(X) fol lows by 3.1.2.12. The 

convexi ty  of C(X) f0110WS by t h e  c o n t i n u i t y  caf scalar mul t i -  

p l i c a t i o n  .and v e c t o r  a d d i t i o n  i n  t h e  l i n e a r  l topologica l  space  

where X l i es .  S ince  convex combinations of (convex sets a r e  

convex, i t  fo l lows  a l s o ' t h a t  CQ(X) c C ( X )  ih; convex, and t h e  

fo l lowing  s imple convergence argument estaBgjl'ihes what is 

needed. L e t  ISk) TZl -f :*k b e  a converging sequence  of p o i n t s  

ik E CQ(X) .  Then *k E G ( X ) ,  s i n c e  C ( X )  is e!losed. L e t  *x, 

*x' E *k, and denote  an a r b i t r a r y  convex earnbinat ion 
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A*, + A'*x' by *, ( A  = 1 - A '  E [0,1)). Then t h e r e  exis t  

sequences 1 i "  XI  i=l+ * x , ~ ~ x ' ~  i=l + *x' wi th  ix, ixt E ik 

(i = 1,2, ...). 
(i = 1, 2 ,... ), so t h a t  1'31 i=l+ *X . 
t h a t  *k is  convex and, t h u s ,  t h a t  Co(X)  is c losed .  

. 
m 

Since  ik i s  convex, Aix f = ' Z  E ik 
a m  

Hence,*Z E *k, proving ~ 

In t h e  nex t  two d e f i n i t i o n s  one is a b l e  t o  relax t h e  

cond i t ion  on t h e  f e a s i b i l i t y  t ransformat ions  by r e s t r i c t i n g  t h e  

e f f e c t i v e  u t i l i t y  func t ions  i n  a l t e r n a t e  ways. 

4.3.1.6 Def in i t i on :  A s o c i a l  system s a t i s f y i n g  4.3.1.1-3 is  c l a s s i f i e d  

as type  I1 i f f ,  for, each behavor o. E A, t he  e f f e c t i v e  u t i l i t y  

func t ion  G, is " l inea r "  (both concave and convex) and t h e  

f e a s i b i l i t y  t r ans fo rma t ion  ta i s  USC as a poin t - to-se t  mapping 

wi th  t, (k, x) C C Q ( X a )  being  c losed  and convex, 

(k E IT CQ(X,), x E X ) .  
A 

4.3.1.7 Remark: I n  t h i s  case, i t  i s  p o s s i b l e  t o v i e w  ta as a 

point- to-point  mapping i n t o  CQ(CQ[X I ) ,  (a E- A) .  
a 

4.3.1.8 D e f i n i t i o n :  A s o c i a l  system s a t i s f y i n g  4.3.1.1-3 is  c l a s s i f i e d  

as t y p e  111 i f f , f o r  each behavor 01 E A, t h e  e f f e c t i v e  

u t i l i t y  func t ion  ij 

(xn E X"> and t h e  feasibilitv t ransformat ion  t, is  as i n  tvpe  11. 

is  . s t r i c t l y  quasi-conca-,re on each X, x cxa> 
OL 
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. F i n a l l y ,  t h e s e  last  two r e s t r i c t i o n s  on t h e  e f f e c t - v e  

u t i l i t y  func t ions  can b e  e l imina ted  wi th  appea l  t o  an i n t e r e s t i n g  

. 

r e s t r i c t i o n  on t h e  f e a s t b i l i t y  t ransformat ions .  

- 
/ ; .  

Def in i t i on :  A mapping 5 :  X -+ Y of a convex se t  X i n t o  a 

convex se t  Y is  c a l l e d  a convex process  i f f  i ts graph 

r(6) C X x Y i s  convex. 

Def in i t i on :  A s o c i a l  system s a t i s f y i n g  4.3.1.1-3 is c l a s s i f i e d  

as type  I V  i f f  the c o l l e c t i v e  f e a s i b i l i t y  t ransformat ion  is  an 

U S ~  convex process .  

-- 

I. 

4.3.1.11 Remark: Of course ,  a c o l l e c t i v e  f e a s i b i l i t y  t ransformat ion  

t is  a convex process  i f f  each coord ina te  f e a s i b i l i t y  

t ransformat ion  is a convex pracess .  

This  completes the  p re sen t  c l a s s i f i c a t i o n  of s o c i a l  

systems i n t o  types.  It  is  clear t h a t ,  i f  t h e  f e a s i b i l i t y  

t ransformat ions  are a l l  cons t an t  maps, a s o c i a l  system 

of t y p e  I - I V  is s l i g h t l y  more r e s t r i c t e d  than t h a t  

d e a l t  wi th  i n  s e c t i o n  4 . 2 .  The r e s t r i c t i o n  comes from t h e  

f a c t  t h a t  each Xa’ i s  now assumed to  i i e  i n  a normed ( r e a l  

l i n e a r  t opo log ica l )  space,  whi le  be fo re  it was only  

assumed t o  l i e - i n  a l o c a l l y  convex (real l i n e a r  t opo log ica l )  
,_ -,-. 

space. Thus, bv t ak ing  on t h i s  r e s t r i c t i o n ,  t he  constancy 

assumption f o r  t he  f e a s i b i l i t y  t ra?sformations has been 
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e l imina ted .  

- Before t u r n i n g  i n  s e c t i o n  4.3 .3  t o  prove t h e  e x i s t e n c e  

of equ i l ib r ium f o r  a l l  four types  of social system de f ined ,  

t h e  n e x t  b r i e f  s e c t i o n  w i l l  i d e n t i f y  types  of evo lu t ions  and 

e q u i l i b r i a  corresponding-  t o  t h e s e  types  of s o c i a l  s y s t e m .  
- ./ 

4.3.2 Types of Evolut ion and Equi l ibr ium f o r  Dynamic S a c i a l  Systems 

Corresponding t o  t h e  types o f  s o c i a l  system defined 

i n  4 . 3 . 1 ,  a set of mappings w i l l  now b e  def ined.  Corresponding 

t o  each such mapping, c a l l e d  a n  "evolution",  a type o f  s o c i a l  

equ i l ib r ium w i l l  b e  i d e n t i f i e d  as a f i x e d  p o i n t  of t h a t  mapping. 
- 

It is  such types of f i x e d  p o i n t  which w i l l  b e  shown i n  t h e  nex t  

s e c t i o n  t o  exis t .  

4.3.2.1 -- Notation: L e t  k, Y, denote  gene r i c  elements of ' T I C O ( X a )  and l e t  
A 

F i n a l l y ,  denote  g e n e r i c  elements of Z also by z .  

4.3.2.2 D e f i n i t i o n :  The evo lu t ion  of  a type  I s o c i a l  s y s t e n i s  

a t ransformation E: Z'+ Z def ined  f o r  z E Z by 

EI(z) = { t ( z ) )  x & (t (z) ,  x): 

.c 
i t  i s  c l a s s i f i e d  as t+pe 1. The evo lu t ion  of  a type I1 

s o c i a l  s y s t e m  i s  a t ransformation E :Z -+ Z de f ined ,  fo r  I1 
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- ./ _- 

i t  is. c l a s s i f i e d  as type  11. The evo lu t ions  of a type  

111 s o c i a l  s y s t e m  are t r ans fo rma t io r sE  :Z -+ Z and 
I11 

E : Z -f Z de f ined ,  f o r  z = (k ,x)  E Z by 
ZV 

I 

E 
- IV (k ,x)  = t ( i k )  xA(k,x)) x A(k,x) ,  

- r e s p e c t i v e l y ;  E is c l a s s i f i e d  as type  111 and E as 
I11 IV 

type . The evo lu t ion  of a t y p e  IV s o c i a l  svstem is a 

t ransformat ion  E :Z -+ Z def ined  and c l a s s i f i e d  as above. IV 

4 . 3 . 2 . 3  D e f i n i t i o n :  A f i x e d  po in t  of an evo lu t ion  is c a l l e d  a s o c i a l  

equ i l ib r ium (or  s o c i a l  c o n t r a c t )  and c l a s s i f i e d  accord ing  t o  t h e  

type  of evo lu t ion  of which i t  is a f i x e d  poin t .  

So much preparae ion  f i n a l l v  allows t u r n i n g  t o  ' the  e x i s t e n c e  

of s o c i a l  equ i l ib r ium i n  tbe dynamic case .  



4.3.3 Exis tence  of Dynamic S o c i a l  Equi l ibr ium 
-.. 

I n  t h i s  s e c t i o n  i t  i s  shown t h a t  s o c i a l  systems of types 

I - I V  have e q u i l i b r i a .  I n  p a r t i c u l a r ,  i t  is shown t h a t  t h e  

( type i )  eyo lu t ion  of a type  i s o c i a i  system has a ( type  i) 

s o c i a l  c o n t r a c t  f o r  i E (I, 11, 111, I V  1 ,  and t h a t  a type  111 

s o c i a l  system has ,  i n  a d d i t i o n ,  a type  I V  s o c i a l  c o n t r a c t .  

I n  each of t h e  e x i s t e n c e  r e s u l t s ,  t h e  fo l lowing  f ixed  

po in t  theorem is used: 

4 . 3 . 3 . 1  THEOREM [Prakash and S e r t e l ] :  L e t  (Z,[a E A} be a fami lv  

of 2' convex, compact and convex spaces ,  and l e t  

Z -+ Za 1 a E 

{E,: 

A}be a fami lv  of USC po in t - to-se t  mappings on 

Z = IIZ, such t h a t  E,(z) E CQ(Z ) (z E Z ,  a 
A 

E A ) .  Define a 

E: Z + 2 by E(z) = IIE ( z )  ( z  E 2 ) .  Then t h e r e  ex is t s  a 

( f ixed )po in t  z E 2 such t h a t  z E E(z) .  [1970, 3.16 Theorem V I ] .  
A a  

I n  each a p p l i c a t i o n  of  t h i s  theorem, Za w i l l  b e  taken 

t o  be  CQ(Xa) x Xa, as ind ica t ed  i n  4 . 3 . 2 . 1 .  

CQ(X,) and X, are e a s i l v  seen  t o  be 3' convex, so t h a t  

t h e i r  product  Z a ' i s  3' convex, hence 2 O  convex. 

I n  t h i s  case, both 

It is worth no t ing  t h a t  t h e  f i x e d  p o i n t  theorem of Fan, used 

i n  4 . 2 ,  cannot be app l i ed  i n  t h i s  case, as 2 

a semi- l inear  topologica1,space whi le  it must be assumed t o  l i e  

i n  a l i n e a r  t opo log ica l  space f o r  Fan ' s  mentioned theorem t o  apply.  

= CQ(X,) x X 
a a 

l ies  i n  

.- ,. 
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Thus, an' ex tens ion  of Fan's theorem is needed, and 4 .3 .3 .1  

provides  j u s t  t h e  d e s i r e d  sort  of ex tens ion .  Actua l ly ,  o t h e r  

f ixed  po in t  theorems of Prakash and S e r t e l  119701 can s a f e l y  

b e  conjec tured  to  s u f f i c e  for-some of t he  above tppes  o f  

s o c i a l  system, b u t  4 .3 .3 .1works  f o r  a l l  of t hese ,  as w i l l  be  

- _- 

seen.  It is because 4.3.3.1 works f o r  a l l  of t h e s e  cases  t h a t  i t  i s  

p o s s i b l e  t o  economize on t h e  numberof f i x e d  p o i n t  theorems to  be  

used (known), 

4 .3 .3 .2  THEOREM: Every type  I s o c i a l  system has  a type  I s o c i a l  c o n t r a c t .  

~ -- Proof:  

wi th  

S ince  each ta and 71 (k,x) = x is cont inuous 

on Z ,  a ( t  (k,x),x") is usc on 2. Hence, ( t , (k ,x))  x a ( t  (k ,x) ,xu)  
a a 

is  usc on Z, whi le  ( t , (k ,x) )  x a ( t a ( k , x ) ,  x") E CQ(Za) 

BG 3.3.2, each behavor a E A i s  usc  i n  (t (k,x),x"), 
.a 

ct(ta(k,x), xu> E KQ(X ) = CQ(X,) f o r  each (k,x) E 2. a 
a 

X" 

[ (k ,x)  E 2, a E A ] .  Also, Z = IIZa is  t h e  product of 2' convex 
A 

compact and convex spaces  Z , and a 

EI(k',x) = Il (Cta(k,x)3 x a ( t  (k ,x ) ,xa ) )  
' A  a 

Thus, by 4.3.3.1,  t h e r e  e x i s t s  a type  I s o c i a l  c o n t r a c t  

z E E ( z )  C Z. 
I 

I. _. ~. f 
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. .  

. .  

7 3  

4.3.3.3 THEOREX: Every type  11 s o c i a l  sys tem has a type  IT s o c i a l  

c o n t r a c t .  

a Proof:  Since each t is USC, each a (t (k ,x) ,  x ), as a 

composition of usc  mappings, is  USC on Z ,  

a a 

Thus, t (k,x)  x a(ti . 

f o r  each ,-J E A ,  is  USC on Z. Since  E (k,x) = 
TI (k,x7, xa) ,  

A IIEII ' where 

E (k,x) = t (k,x) x a( ta(Ic ,x) ,xa) ,  IIa a 

t o  apply 4.3.3.1 i t  remains only t o  show t h a t  E 

f o r  each a E A .  

i t  s u f f i c e s  t o  show t h a t  a ( t  ( k , x ) ,  x") E 

as t h e  graph r ( a ) c  Co(X ) x X a  x X is  compact bv 3 . 3 . 1 ,  

and t (k,x) i s  c losed  i n  the  compact CQ(X,), i t  fol lows t h a t  

t a (k ,x )  x {xa))cCQ(Xa) x Xa i s  compact,implying t h a t  

(k,x) E C q ( Z  ) I1 

Since  ta (k ,x)  E CQ(CO(X )) 5y hypo thes i s ,  - a 

CQ(X$. I n  f a c t ,  a 

a a 

a 

a ( t  (k,x), xa) i s  Compact, hence closed. "his leaves only a 

t h e  convexi ty  of a ( t  (k,x)  , xu) t o  prove. L e t  xa , x' E a a - 
a ( t a ( k , x ) ,  xa) .  Then G (x,,xcI) = Ba(Ra, xa) and Ga(x'  xa> = a a' - 
Ga(gt, xa), f o r  some g R' E t (k ,x) .  By 3.1.4.6, l i n e a r i t y  

of G impl ies  t h a t  of w so  t h a t  ( g a ,  xa) = Ax?(ga,xa) .t 

a * w ( g i  ,xa) f o r  a l l  x = 1 - h t E  [ o , ~ ] ,  where g = ~ g ~ - ~ - i ' g '  . But, 

by l i n e a r i t y  of 2$, , wa(xa, xa) = Awa(xa, 9) 4- A' 

6 ( g a ,  xa), f o r  2, =AX + h'x' 

a a' a a 

a a '  
- - -  

-3 - 
a a -- I .. (x' ,xa) = 

a c t  - - - . Hence, x E a ( t  & , X I ,  xa) ,  a a a a 
showing a l l  t h a t  w a s  requi red .  

7. ..-. 
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4.3.3.4 THEOREM: Every t y p e  111 s o c i a l  s y s t e m h a s  (1) a t vpe  I11 

and '(2) a t y p e  I V  s o c i a l  c o n t r a c t .  

Proof:  
-, 

. .  -. 
ad(1):  Si'nce t h e  e f f e c t i v e  u t i l i t y  f u n c t i o n  wa is s t r i c t l v  

concave on X x {x"} f o r  each xa E Xa, a(ka, x") i s  s i n g l e t o n  

f o r  each ka E CQ(X,), xa E Xa, a E 

i s  the  image under t, of a p o i n t  (k,a(ka, xa), xa) E Z, hence It 

is  non-empty, compact and convex i n  CQ(X ), by hypo thes i s ,  fo r  

each such p o i n t  z E ~ ( C X  

a 

A. Then t (k, ci(ka, x'), xu)' 
a 

a -  

E A) ! Thus, f o r  each z = (k,x) E Z ,  

E 

Xa}), which is homeomorphic t o  CQ(Z ), where, f o r  each a E A ,  

(2) E CQ(CQ(X,)) x7{xa31xa E X,] t Cq(CQ(X,> {{x 3 Ix E: 
111, a ci 

a 

But t h e  map E : Z  -f CO(2,) Js USC, as tu i s  so and a and 
111, 

111 
a l l  p r o j e c t i o n s  are continuous (a E A ) ,  and E 

f o r  any z E Z .  Hence, 4.3.3.1 apDlies ,  y i e l d i n g  t h a t  t h e r e  

exists a type  111 s o c i a l  c o n t r a c t  z E Z such t h a t  z E E ( z ) .  I11 

ad(2) : Defining 

f o r  each ci E A and z = (k,x) E Z ,  EIV(z) = BE ( z ) .  Since  
A 

each ci i s  USC, so is  t h e  m a p  A. A s  each a(k , xa) i s  a - _ -  .. 
s i n g l e t o n ,  so i s  - A ( z )  ( z  E Z). Hence,( k) x A(k,x)E 

f o r  each (k,x) E Z.  Thus, i? 

Z 

: Z  - -CQ(CQ(Xa) )  x Xci ha s  been "Va 
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def ined  for each c1 E A, and t h e  range is a 

CQ(Z'), s o  t h a t  E is t h e  product  of u sc  

By 4 . 3 . 3 . 1 ,  t h e r e  exists a t ype . IV  s o c i a l  
01 IV 

t h a t  z E E (2). - _- _ -  1v 
1 

4 . 3 . 3 . 5  THEOREM: Every type  I V  s o c i a l  system has  

c o n t r a c t  . 

Proof:  For each a E A d e f i n e  t h e  map EIV 
C 

subspace o f  

maps E :Z -+ CQ(Z,). 

c o n t r a c t  z E Z such 

IV 

# 

a type IV s o c i a l  

(as i n  t h e  l as t  
I 

proof)  by - 

By the upper semi-cont inui ty  of each a ,  - A is USC, so t h a t  each 

E is usc ,as  each t, is  so by hypothes is .  

non-empty, compact and convex f o r  each IC 

c1 

same p r o p e r t i e s  f o r  each (k,x)  E Z. S ince  t ' i s  a convex 

A s  u(k , x') is 
IVCi a 

E C Q ( X ~ ) ,  xoI E xcl , 
(k) x - A(k,x), has  t h e  
a 

E A ,  i t  fo l lows  t h a t  - A(k,x),  hence, 

and USC process ,  i t  fol lows t h a t  each ta 

compact graph 

compact(and convex). Thus, t,({k) x - A (k,x))'is non-empty, 

has  a convex and 

I ' ( t , ) c Z  x CO(X ), as both Z and C O ( X , )  are a 

compact and convex, f o r  .each (k,x) E Z,  as it is t h e  set 

Hence, E ( z )  i s  non-empty, compaat and convex i n  Z ,  f o r  
IVa 
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each z E Z and 01 EA. A s  E is  noth ing  b u t  t h e  map def ined  

I V  
by EIv(z) = ..KE ( z ) ,  4 .3 .3 .1  y i e l d s  t h e  r e s u l t  t h a t  t h e r e  

A ''a 
e x i s t s  a type  I V  s o c i a l  c o n t r a c t  z E Z s w h  t h a t  z E E ( z ) .  

I V  

Compactness and Convexity Resul t s  f o r  Dynamic Cont rac tua l  S e t s  

I n  th5s  s e c t i o n  i t  is shown.that  t h e  c o n t r a c t u a l  sets, 

i . e . ,  sets of s o c i a l  c o n t r a c t s ,  shown t o  be non-empty i n  

t h e  l a s t  s e c t i o n  are a l l  compact, and t h a t  t h e  contracutal set  

c o n s i s t i n g  of  t y p e  I V  sociZ1 c o n t r a c t s  i s  a l s o  convex f o r  a s o c i a l  

system which i s  both type  I11 and type  I V .  

4.3 .4 .1  THEOREM: L e t  C s t and  f o r  t h e  c o n t r a c t u a l  set  shown t o  b e  

non-vacuous i n  any one of t h e  theorems 4.3.3.2-3., 4.3.3.4.1-2 

and 4.3 .3 .5  above. Then C is  compact. 

Proof: L e t  E by any one of t h e  evolu t ions  E (i..e.{ I ,  11, 111, 

I V  1 ) .  
i 

Then E i s  USC, as each E w a s  shown t o  be  so (a E A ) .  
O1 

Then the  graph 

is compact as a closed subse t  of t he  compact Z x Z.  Denoting 

t h e  diagonal  ( ( z , z t ) l z = z '  E Z )  bv,A, A is compact and C 

is  no th ing  but  
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hence compact. 

- _- 
, -  

4.3.4.2 THEOREM: L e t  S be a s o c i a l  system which is  both  

# 

type  I11 and type I V ,  and l e t  C b e  the  set of  type I V  

s o c i a l  c o n t r a c t s  of S .  Then C i s  convex. 

Proof: A s  Z i s  convex, s o  is t h e  d iagonal  A of Z x Z .  Hence 

i t  s u f f i c e s  t o  show t h a t  t h e  graph r (EIV) is convex, as C = 

yZ(r(EIv> fl A ) .  

I 

It i s  obvious t h a t  I'(EIV) is convex i f  the 

graph T(A) - is  convex, f o r  t h e  graph r ( t )  i s  convex by 

hypothes is .  Furtharmore, r(&) is  convex i f  the graph 

each behavor a E A i s  convex. It is t ed ious  bu t  

. .  

s t r a igh t fo rward  t o  show t h a t  r ( a )  i s  convex, using t h e  

hypothes is  t h a t  is  l i n e a r  ( a E A ) .  

1. -:. 
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5 .  EXTENS IONS AND APPLICATIONS 
. 

T h i s  c h a p t e r  w i l l  i d e n t i f y  a s e l e c t e d  number of d i r e c t i o n s  

i n  which t h e  framework and theory of the  prev ious  c h a p t e r s  can 

f r u i t f u l l y  be gxtended, a l s o  i n d i c a t i n g  a p p l i c a t i o n  areas. 

One l a r g e  ex tens ion  is i n t o  p r o b a b i l i s t i c  social svstems, 

occupying t h e  f i r s t  section. '  I n  t h a t  s e c t i o n  a p a r t i c u l a r  no t ion  

of behavior  as a p r o b a b i l i t y  measure on a s igma-f ie ld  of a c t i o n s i s  

developed, t h e  numerical  r e p r e s e n t a b i l i t y  of p re fe rences  on sets  

of such behaviors  i s  d i scussed ,  and the  no t ion  of p r o b a b i l i s t i c  

s o c i a l  system cons t ruc ted .  I 

. .  

The next  s e c t i o n  proposes a couple of axioms as n e c e s a a r i l y  

s a t i s f i e d  by a causa l  r e l a t i o n ,  and a p p l i e s  t h e  r e s u l t i n g  not ion ,  
4 

of an event  ' inducing '  an event ,  by b u i l d i n g  on i t  a no t ion  of 

. power i n  p r o b a b i l i s t i c  s o c i a l  systems. The r e s u l t  i s  compared 

with Dahl 's  119571 concept of power and t h e  importance of 

equ i l ib r ium methods forpower a n a l y s i s  is poin ted  aut. 

The a t t r a c t i o n  and s t a b i l i t y  p r o p e r t i e s  of equ i l ib r ium sets 

and co res  is the  t o p i c  of t he  next  s e c t i o n .  The r e q u i r e d  concepts  

a r e . p r e s e n t e d ,  as borrowed and modif ied,  from the theorv  of 

dynamical systems.  

- .  

F i n a l l y ,  t h e  s tudy  is  c losed  by a discussiaim o f  a number of 

ex tens ions  and a p p l i c a t i o n s  p a r t i c u l a r l y  re levenl t  l o r  t h e  management 

of o rgan iza t ions .  Organiza t ipns  are def ined ,  o p t h l  i n c e n t i v e  

problems posed, t he  choosing of i ncen t ive  schemes r e l a t e d  t o  the  

*.-. 
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ac t  of l e g i s l a t i o n ,  and t h e  r e l evance  of equ i l ib r ium methods for 

a l l  of t h e s e  c l a r i f i e d  Three main types of c o n t r o l ,  remunerational,.  

s o c i a l i z a t i o n a l  and informational,  are i l l u s t r a t e d .  

d e t a i l  i n  d e f i n i n g  impression func t ions ,  i t  is shown how 

information-systemic elements can b e  inco rpora t ed  i n t o  t h e  model. 

Extending t h e  

F i n a l l y ,  t he  d i r e c t i o n  of mul t i - l eve l  s o c i a l  systems is pointed 

t o  as an’.area i n t o  which t h e  model can be  extended. 
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. 5 .1  Towards t h e  Analysis  of P r o b a b i l i s t i c  S o c i a l  Systems 

.Along l i n e s  earlier suggested i n  [ S e r t e l ,  1969 a ,  b ] ,  - _- 
p r o b a b i l i s t i c  s o c i a l  systems w i l l  now b e  developed as a n  important 

ex tens ion  of t h e  s o c i a l  systems s o  f a r  s t u d i e d .  The nex t  s e c t i o n ,  

5.2., i l l u s t r a t e s  one o f  t h e  motivat ing reasons f o r  s tudv inp  

p r o b a b i l i s t i c  s o c i a l  systems. 

I n  5.1.1 t h e  n o t i o n  of a behavior  is p a r t i c u l a r i z e d  t o  t h a t  

of a p r o b a b i l i t y  measure on a sigma-field of a c t i o n s .  

se t t les  m a t t e x  p e r t a i n i n g  to t h e  measurable numerical  r ep resen ta -  

5.1.2 

b i l i t y  of p re fe rences  on behavior  spaces when t h e  p re fe rences  are 

o r i g i n a l l y  s p e c i f i e d  on 'a  s u r e  a c t i o n  ( a set  of "sure prospects") .  

Then 5.1.3 f i n a l l y  assembles p r o b a b i l i s t i c  s o c i a l  systems on t h e  

b a s i s  of t h i s  groundwork. 

7. -.-. 

. .  
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5.1.1 Action and Behavior 

The n o t i o n  of  'behavior'  in t roduced i n  2 . 1  and used up t o  

h e r e  i s  extremely gene ra l  and a b s t r a c t .  I n  t h i s  s e c t i o n  a more 

p a r t i c u l a r  and conc re t e  v e r s i o n  of t h a t  n o t i o n  w i l l  b e  cons t ruc t ed ,  

founded on a c e r t a i n  no t ion  of  ' a c t i o n ' .  Th i s  c o n s t r u c t i o n  w i l l ,  

i n  t u r n ,  s e r v e  as a foundat ion f o r  t h e  t reatment  of " p r o b a b i l i s t i c  

s o c i a l  systems", a f t e r  c e r t a i n  ques t ions  r e l a t i n g  t o  t h e  rep- 

r e s e n t a t i o n  of p re fe rences  are d e a l t  w i t h  i n  t h e  nex t  s e c t i o n .  

This  and t h e  next  two s e c t i o n s  w i l l  t hus  give an ex tens ion  

of p a r t  of t h e  framework o f f e r e d  i n  (Serte1,1969 a) .  - 
The t e r m  ' i n d i v i d u a l '  and ph rases  such as  " things which 

a n  i n d i v i d u a l  can do" w i l l  b e  formally undefined he re :  they 

are t o  be  understood i n  t h e  n a t u r a l  language sense.  This 

p repa res  t h e  ground f o r  what fol lows.  

5.1.1.1 Def in i t i on :  The s u r e  a c t i o n  o f  an i n d i v i d u a l  j is  O J  

t h e  set  of a l l  mutually exc lus ive  t h i n g s  which j can do. 

A sigma-field 0. o f  s u b s e t  of 8 w i l l  b e  c a l l e d  a sigma-field 
3 o j  

o f  a c t i o n s  (or ,  f o r  s h o r t ,  an a c t i o n  f i e l d )  of j i f f  i t  

con ta ins  t h e  f i n e s t  p a r t i t i o n  of 9 : . 
O j  

There w i l l  always b e  assumed t o  be a unique n o n - t r i v i a l  

a c t i o n  f i e l d  0.  d t h  which an i n d i v i d u a l  is  a s s o c i a t e d .  A 
J 
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subs.et 0 .  C 8. w i l l  b e  c a l l e d  an a c t i o n  of j i f f  fl E 0.. 
J O J  j J 

5.1.1.2 Def in i t i on :  A p r o b a b i l i t y  measure p 0 3 [ O , l ]  def ined  3 '  j 
on t h e  a c t i o n  f i e l d  0. of a n - i n d i v i d u a l  j w i l l  b e  c a l l e d  

a behavior  of j .  

J 

The set  P j  of a l l  behaviors  of j w i l l  be  

c a l l e d  t h e  behavior  space of j. 

5.1.1.3 Def in i t i on :  A c o l l e c t i v j - t v  i s  a n  ordered p a i r  <W,> ,where 

W = {P .  I j E J l i s  t h e  family of behavior  spaces  P ,  of t h e  
J J 

i n d i v i d u a l s  j E J, and where J i s  a non-empty c o l l e c t i o n  

of i n d i v i d u a l s .  

5.1.1.4 Remark: Since each a c t i o n  f i e l d  is n o n - t r i v i a l ,  each behavior  

Compare 5.1.1.3 and 5.1.1.5 wi th  2.1.2-3. space i s  non-empty. 

. 5.1.1.5 Def in i t i on :  The s u r e  j o i n t  a c t i o n  of a c o l l e c t i v i t y  

<W, J> i s  t h e  product = It o e .  of t h e  s u r e  a c t i o n s  
J J  

e . ( j  E J).  The sigma-field of j o i n t  a c t i o n s  ( o r ,  fo r  
O J  

s h o r t ,  j o i n t  a c t i o n  f i e l d )  of  <W, J> i s  the  product 
- 

= TI@. of t h e  a c t i o n  f i e l d s  @ . ( j  E J ) .  A subse t  

8 C 8 i s  c a l l e d  a j o i n t  a e t i o n  of <W, J> i f f  eJ E 0 

QJ J 3  J 

J' J O J  

5.1.1.6 Def in i t i on :  A ( j o i n t )  p r o b a b i l i t y  measure p 0 -+ [O,l] 
J' J 

r 

def ined  on t h e  j o i n t  a z t i o n  f i e l d  0 of a c o l l e c t i v i t y  

G?, J >will be c a l l e d  a j o i n t  behavior o r  s ta te  of <W, J> .  

J 

.. . 
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. .  

The se t  P 

behavior  space  of s ta te  space  of <W,J>. 

of a l l  such measures w i l l  be  c a l l e d  t h e  j o i n t  J 

5.1.1.7 D e f i n i t i o n :  The c o l l e c t i v e  behavior -space  of a c o l E e c t i v i t y  

4, J> is the  product  P = IIP. of t h e  behavior  spaces  
3 J  

P . ( j  E J ) .  A func t ion  p: J -f UPj i n  P i s  c a l l e d  a c o l l e c t i v e  
J J 

behavior  of <W,J> i f f p ( j )  E P ( j  E J) ,  i . e . ,  i f f  p E P. I n  

t h i s  case, p ( j )  is  alRo denoted by p = p ( j )  E Pj .  (Cf.2.1.2-3). 
j 

j 

5.1.1.8 Remark: The d i s t i n c t i o n h e t w e e n  j o i n t  -- behav io r s  (or s t a t e s )  

and c o l l e c t i v e  behaviors  of a c o l l e c t i v i t y  is c r u c i a l .  To 

, t he  p r o b a b i l i s t  i t  w i l l  a l r e a d y  have been clear t h a t  a behavior  

is  s i m p l y  a c e r t a i n  marginal of a j o i n t  behavior  and a c Q l l e c t i v e  

behavior  is  simply a s p e c i f i c a t i o n  of a l l  such marginals  f o r  

a j o i n t  behavior .  Thus, t h e r e  i s  a unique c o l l e c t i v e  behavior  

s p e c i f y i n g  t h e s e  marginals  of a j o i n t  behavior ,  whatever 

j o i n t  behavior  i s  given.  Spec i fy ing  a c o l l e c t i v e  behavior ,  

however, determines e i t h e r  no t  more than  one j o i n t  behavior  

o r  po t  less than t h e  c a r d i n a l i t y  of-the-continuum j o i n t  

behaviors .  (This  i s  so,  f o r ,  i f  two j o i n t  behaviors  have the  

same s p e c i f i e d  margina ls ,  then a continuum of convex 

combinations a l s o  s a t i s f y  t h i s  cond i t ion ,  i . e . ,  t h e  set  

of j o i n t  behaviors  c o n s i s t e n t  wi th  a c o l l e c t i v e  behavior  

i s  convex). That t h e r e  e x i s t  a j o i n t  behavior  given a 
'.-. 
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.. 

c o l l e c t i v e  behavior  is governed, of course  by t h e  

s a t i s f a c t i o n  of t h e  Kolmogoroff cons i s t ency  cond i t ions .  
- 

(Kolmogorof f , 1933). 

and (Pa r thasa ra thy ,  1967). ) 

(See also (Kingman and Taylor ,  1966) 

1. -.-. 
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5.1.2 The Representat ion of P re fe rence  

I n  t h e  s o c i a l  systems d e a l t  w i t h  up t o  t h e  p r e s e n t  chap te r ,  

no mention w a s  mcie of how i t  was t h a t  t h e  u t i l i t y  func t ions  

used w e r e  guaranteed t o  e x i s t  as numerical  r e p r e s e n t a t i o n s  of  
- 

/- 

(complete) p re fe rence  o rde r ings  on t h e  sets i n  ques t ion .  This 

is  because a l l  of t h e  p r o p e r t i e s  which were assumed, a t  one s t a g e  

o r  ano the r ,  t o  hold f o r  t h e s e  func t ions  w e r e  p r o p e r t i e s  which 

have been proved i n  t h e  l i t e r a t u r e  t o  be  assumable without  any 

l o s s  of g e n e r a l i t y  when c e r t a i n  c o n d i t i o n s  are met, and t h e s e  

s u f f i c i e n t  c o n d i t i o n s  happened always t o  b e  s a t i s f i e d  whenever 

needed. 

Main r e f e r e n c e  i n  t h e  l i t e r a t u r e  i s  t o  t h e  r e p r e s e n t a t i o n  

theory of Debreu (1954) and of Her s t e in  and Milnor (1953). For 

a l l  of  t h e  r e s u l t s  developed s o  f a r ,  t h e  u t i l i t y  f u n c t i o n s  were 

assumed t o  have c e r t a i n  c o n t i n u i t y  and convexi ty  p r o p e r t i e s .  The 

domains of d e f i n i t i o n s  f o r  t h e s e  func t ions  were always compact 

and convex. Assuming t h e  necessary and s u f f i c i e n t  c o n d i t i o n s  

demonstrated by Hers t e in  and Milnor and p resen ted  below, 

convexity of t h e  domain guarantees  t h e  existen'ce o f  a real-valued 

l i n e a r  func t ion  p rese rv ing  t h e  o rde r  of t h e  given p re fe rences .  

I f  t h e  domain i s  topologized by t h e  o r d e r  of t h e  p re fe rence  

r e l a t i o n ,  t h i s  f u n c t i o n  is e a s i l v  seen  also t o  b e  continuous.  

Thus, a l l  t h a t  w a s  e$er assumed s o  fa r  can b e  seen  to  be  

assumable, us ing  t h e  convexity of t h e  set  ordered by preference 



and t h e  _ r e s u l t s  of Her s t e in  and Milnor. I n  certain cases, 

Debred's theory could 

e.g., when t h e  domain 

s a t i s f y i n g  t h e  second 

Theorem 2 ) .  

have been used as a n  alternative, 

was compact i n  a metric space, hence 

axiom of a o u n t a b i l i t v  (see Debreu's 
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I n  b u i l d i n g  toward p r o b a b i l i s t i c  s o c i a l  sysiherns, s t u d i e d  

i n  t h e  nex t  s e c t i o n ,  where t h e  behavior  spaces  aze of t h e  s p e c i a l  

kind introduced i n  t h e  l a s t  s e c t i o n ,  matters of mepresentat ion 

of p re fe rences  are less s t r a igh t fo rward ;  hence, &he p r e s e n t  

s e c t i o n .  The e x a c t  q u e s t i o n s  which are addressed  h e r e  w i l l  b e  -- 
s t a t e d  s h o r t l y ,  a f t e r  some minimal preDarat ion,  

L e t  a c o l l e c t i v i t y  <W, J> b e  given. F i x  a l t t e n t i o n  t o  a 

s p e c i f i c  i n d i v i d u a l  j E 3, and l e t  oeJ x R be camipletely 

ordered by a p re fe rence  r e l a t i o n  - < j summar2zZng; j ' s  pre fe rences  

between eleinents of t h i s  set. 

The f i r s t  ques t ion  addressed now i s  t h e  fo73ll:Bowing: 

Under what c o n d i t i o n s  does t h e r e  e x i s t  a f u n c t i h n  

. .  
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exists f o r  a l l  (p , r)  E PJ X R, and, such t h a t ,  i d e n t i f y i n g  each 

z E 8 w i t h  the degenerate  pz E P asg ign ing  l t o  t h e  set  

{ z )  E OJ and 0 t o  t h e  rest of  OJ, t h e  eau iva lence  

J 

o J- J J  

ho lds  f o r  a l l  ( z , r ) , ( z l , r l ' )  E x R.? 

This ques t ion  w i l l  b e  answered bv use  o f  a r e s u l t  due t o  

Her s t e in  and Milnor. 

H e r s t e i n  and Milnor [1953] have demonstrated a necessary 

and s u f f i c i e n t  triplet of c o n d i t i o n s  f o r  t h e  e x i s t e n c e  of a 

real-valued,  l i n e a r  f u n c t i o n  on a set  M ordered completely 

by a r e l a t i o n  < , such t h a t  t h e  func t ion  preserves t h i s  o rde r .  

These cond i t ions  are: 

I 

i 

(I) t? is a "mixture set"; 

(2) f o r  a l l  a,  b y  c, E My t h e  fol lowing sets are closed:  

{ X  E [ O , l ] [ c  Xa + (1 -X)b) ; 
-J 

( 3 )  i f  a ,  b y  c E M wi th  a = b (where, f o r  a l l  d, e E ?f, 
3 

'd = :e' denotes  'd < .  e and e <. d ' ) ,  then 
J 11 3 

1 1 1- 1 
- a  +-c = +I+* 
2 2 . i 2  2 
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i 

A"mixture set" h e r e  i s  a g e n e r a l i z a t i o n  of a convex set i n  a real 

vector space.  

Now t h i s  r e s u l t  w i l l  b e  used t o  o b t a i n  some reasonab le  con- 

d i t i o n s  under which t h e  d e s i r e d  s o r t  of  func t ion  v w i l l  
j 

ex i s t .  oeJ is  conveli i n  a 

real v e c t o r  space.  It fol lows that x R is  convex, hence a 

mixture  set". Next, assume t h a t  t h e  c o n d i t i o n s  (2)  and (3 )  

F i r s t ,  i t  is  assumed t h a t - f h e  set 

11 

are m e t  by 14 = 8 x R.  Then t h e r e  e x i s t s  a l i n e a r  real-valued O J  
f u n c t i o n  V 8 X R -+ R p r e s e r v i n g  < . It w i l l  now be  seen 

t h a t  t h i s  func t ion  

few more assumptions are made. 

j. o J -i 
v has a l l  t h e  d e s i r e d  pr-opert ies ,  a f t e r  a 
j 

Topologize e x R with t h e  o rde r  topology < . That is, 
. --j O J  

t opo log ize  X R wi th  t h e  coarse& toDology f o r  which 

{(b E: 8 x Rlb > a ) ,  (b  E x R I a  .C b ) l a  E x R )  
O J  - j  -! i 

i s  a family of c losed  sets. (Note: - This i s  - n o t  t h e  o r d e r  

topology defined by Ei lenberg (1941).  The d e f i n i t i o n  of Ei lenberg 

would correspond t o  t h e  q u o t i e n t  s D a c e  where elements of  an 

equivalence class according t o  t h e  o r d e r  are  n o t  d i s t i n g u i s h e d ,  

even though they may b e  d i s t i n c t  i n  oeJ x F.. Although t h e  q u o t i e n t  

space of t h e  space de f ined  h e r e  i s  always T ( i n  f a c t ,  T2, i . e . ,  1 

Hausdorff) ,  t h i s  is n o t  t r u e  of t h e  space i t s e l f , .  as can be  seen 

from t h e  f a c t  t h a t  i f  b # a but .  b L~ a and a L~ b, then t h e r e  

i s  no neighborhood of b (a )  of  which a (b) i s  n o t  a n  element. 

i s  

The course of d e f i n i t i o n  chosen h e r e  is  motivated by t h e  need, 
.. 
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i n  t h e  p r e s e n t  con tex t ,  t o  keep d i s t i n c t n e s s  of p o i n t s  d i s t i n c t  

from non-equivalence o f  p o i n t s ) . I t  is  obvious t h a t  

t hen  continuous.  Hence, 

v j  is 

i s  continuous whenever 8 x R has  'j O J  

a topology f i n e r  than t h e  o rde r  topology of < . - 3  
The f i n a l  assumption t o  be made cbncerning 8 x R is t h a t  

i -  O J  

'J is  a quasi-compact T ( topo log ica l )  subspace of a l i n e a r  
0 1 

t o p o l o g i c a l  space.  The f i r s t  consequence of t h i s  comes from 

t h e  f a c t  t h a t  oe X R is  T1, &.e., t h a t  t h e  s i n g l e t o n  s u b s e t s  

{a) 

t h a t  v is continuous.  This is so, f o r  a T1 topology on x R 

= M i s  f i n e r  than t h e  o r d e r  topologv. To see t h a t  a TI topology 

o e ~  X R are closed. '  The mentioned consequence of  t h i s  i s  

j 

- 
is f i n e r  t han  t h e  o r d e r  topology, t a k e  a, c E M such t h a t  c k 

{b- E Mfb and n o t e  t h a t  t h e  complement of {b E Mlb > . a )  

is  open i n  t h e  T1 topology by t h e  f a c t  t h a t  c > a i m p l i e s  c 

to  be  d i s t i n c t  from a ,  whereby t h e r e  i s  a nbd of c ( i n  t h e  TI 

t opo logy) ,  which does no t  m c e t  {b E MI b 2.  a )  . 

j a )  - 3  

-i 

J 

Since  x R f a j . l s .  t o  be quasi-compact, however, i t  does 

n o t  fo l low from t h e  c o n t i n u i t y  of v t h a t  v is bounded. This  
j 5 

is  a s e r i o u s  d e f i c i e n c y ,  as boundedness coupled w i t h  c o n t i n u i t y  

of V .  would guarantee i t s  i n t e g r a b i l i t y  wi th  respect t o  each 

pj E ' P ~ ,  as des i r ed .  It is t h i s  d e f i c i e n c y ' t o  which a remedy w i l l  

now be sought.  

. J  

.. 
L e t  y : oeJ + R r ep resen t  a t y p i c a l  element of t h e  set of 

j 

f o r  which ( F) ) C B, 
,- j o J  l i n e a r  real-valued f u n c t i o n s  on oeJ 

where B i s  a f i x e d  (bounded) c losed ' in terval  
A:. 

[rl, r2].  
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.. 
;The f u n c t i o n s  y: are analogous t o  t h e  ( i n t e r p r e t e d )  i n c e n t i v e  

f u n c t i o n s  Ea : X -+ R o f  t h e  previous c h a p t e r s ;  the symbol 

gj, however, is re se rved  h e r e  f o r  .a d i f f e r e n t  b u t  c l o s e l y  r e l a t e d  

f u n c t i o u . )  By t h e  f a c t  t h a t  

ranges contained i n  t h e  bounded set B ,  i t  i s  be ing  assumed t h a t  

no i n f i n i t e l y  l a r g e  rewards o r  punishments are d i s t r i b u t e d  i n  

t h e  s o c i a l  systems about  t o  b e  considered. 

J 

's are r e s t r i c t e d  t o  have t h e i r  
- j 

From t h i s  assumption an important  consequence w i l l  now b e  

obtained.  F i r s t  t o  b e  noted is t h a t  each y i s  obviouslv bounded. 

Ac tua l ly ,  t h i s  fol lows from t h e  f a c t  t h a t  08J i s  quasi-compact 

and t h a t ,  by i t s  linearity,_-Y. is  continuous,  as Y , (  0 ) is 

t h e r e f o r e  quasi-compact, hence bounded'as a s u b s e t  of R. But, 

a l s o ,  V j  may now b e  taken t o  b e  a f u n c t i o n  vj:,eJ x B -+ R,  s i n c e  

its r e s t r i c t i o n  t o  08J x B is a l l  t h a t  matters i n  t h e  s o c i a l  system 

which t h e  p r e s e n t  development is  obviclusly heading toward. 

j 

J J o J  

The r e s u l t  of t h i s  is t h a t  t h e  func t ion  

i s  now well-defined, having imposed t h e  c o n s t r a i n t  r E B, as 

V 

r e s p e c t  t o  each P E P The property d e s i r e d  f o r  v .  wi th  

r e s p e c t  t o  degenerate  elements of PJ i s  s a t i s f i e d  by i t s  l i n e a r i t y .  

Thus, u 

t h e  domain of d e f i n i t i o n  be ing 'PJ  x B ,  where P 

behavior space of t h e  c o l l e c t i v i t y  <W, J> . 

i s  continuous and bounded on 0 9 ~  x B, hence i n t e g r a b l e  with j 

J J" --I 

now serves as a " u t i l i t y  funct ion" f o r  t h e  i n d i v i d u a l  j, 

I:. J 

j 
is t h e  j o i n t  



Before t u r n i n g  t o  t h e  next  s e c t i o n ,  a aatural con t inua t ion  

of t h e  _above development t o  be  s e t t l e d  h e r e  is d e r i v i n g  i n c e n t i v e  

func t ions  f o r  t h e  i n d i v i d u a l s  i n  J .  Again, a t t e n t i o n  w i l l  b e  

f ixed  t o  the  i n d i v i d u a l  j E J. 

Define t h e  func t ion  g.: P --+- R by 
J J  

Since y is continuous and bounded, g. is  w e 1 1  deSined. Wow it j J 

is c l e a r  t h a t  t h i s  func t ion ,  E., w i l l  p l ay  t h e  m d e  of Ea ( i n  
J 

t h e  previous chap te r s  ) for-the behavor j of tlh coming s e c t i o n .  

" .  
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5.1.3 P r o b a b i l i s t i c  S o c i a l  Systems 

Building on t h e  groundwork 

sections' ,  it is now p o s s i b l e  t o  

provided i n  the l a s t  two 

- def in? p r o b a b i l i s t i c  s o c i a l  

systems as a' v a r i e t y  of t h e  g e n e r a l  s o c i a l  system introduced a t  

the o u t s e t  o f t h e  s tudy.  

e n t i t y  earlier introduced i n  ( S e r t e l ,  1969 a). The mentioned 

This w i l l  provide an ex tens ion  of  a formal 

formal e n t i t y  (although . ca l l ed  a " c o l l e c t i v i t y "  t h e r e i n )  w a s  

a f i n i t e - p e r s o n n e l  vers ionof  what is about t o  be defined h e r e  

as a p r o b a b i l i s t i c  s o c i a l  system, t h e  behavior  spaces be ing  

c losed  geometric simplexes i n  Euclidean space,  w i t h  i n c e n t l v e  
I 

and i n t e r p r e t a t i o n  schemes missing from t h e  s v e c i f i c a t i o n  wh i l e  

an impression scheme w a s  p re sen t .  The s o c i a l  system s p e c i f i e d  

w a s  shown i n  t h a t  and an accompanying s tudy  (Sertel, 1969 b )  

t o  have a non-empty compact and convex set of e q u i l i b r i a .  

The d i s t i n g u i s h i n g  c h a r a c t e r i s t i c s  of such e q u i l i b r i a  i n  

comparison t o  the  e q u i l i b r i u m  shown by Nash GESSO, 1951) t o  

e x i s t  f o r  games of a similar s p e c i f i c a t i o n  c m s b t e d  o f  two 

components. F i r s t l y ,  impression f u n c t i o n s  w e r e  n o t  e x p l i c i t  

- o r  they were i m p l i c i t l y  assumed t o  b e  i d e n f i & y  maps - 
i n  Nash 's s p e c i f i c a t i o n .  Secondly, t h e .  e q u i l i b r i a  of Nash were 

c o l l e c t i v e  behav io r s ,  wh i l e  t h o s e  of S e r t e l  w e r e  j o i n t  behav io r s ,  

r e f e r r i n g  t o  t h e  terminology and verv important  d i s t i n c t i o n  

(see 5.1.1.8) introduced in 5.1.1. 
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The importance of be ing  a b l e  to d e a l  with j o i n t  behaviors  

is most c l e a r  when an extens ion  of t he  p r e s e n t  s tudy  t o  an 

i n v e s t i g a t i o n ,  e .g . ,  of t he  c o r e  is  cons ider  

t h e . j o i n t  randomization of t h e  a c t i o n s  of members has t o  

b e  considered as i n  t h e  very  n a t u r e  of a c o a l i t i o n  when t h e  

n o t i o n ' o f  behavior  is p r o b a b i l i s t i c .  

b e  emphasized as c r u c i a l  a l s o  t o  any p o l i t i c a l  a n a l y s i s ,  i f  

any, which is t o  b e n e f i t  from t h e  methods suggested by t h e  

p r e s e n t  s tudy ,  s i n c e  i t  may be expected t o  b s e n t i a l  e s p e c i a l l y  

i n  p o l i t i c a l  a n a l y s i s  t o  be  real is t ic  about 

c o a l i t i o n s .  

s tudy  is a n t i c i p a t e d  i n  t h e  las t  remark. 

This  p o i n t  must t h e r e f o r e  

The theory  of power suggested lat.er i n  t h i s  - 

A motiva t ion  f o r  d e f i n i n g  and s tudying  p r o b a b i l i s t i c  

s o c i a l  systems should b e  e a s i l y  e x t r a c t i b l e  from t h e  components 

above. With minor e f f o r t ,  r e l y i n g  on t h e  previous s e c t i o n s ,  

a d e f i n i t i o n  w i l l  SOOR be  formalized.  

e f f o r t  has  t o  b e  d i r e c t e d  toward c o n s t r u c t i n g  a number of 

func t ions .  This  i s  now taken up. 

The major por t ion  of t h i s  

5.1.3.1 Def in i t ion-Nota t ion :  L e t  P b e  t h e  j o i n t  behavior  space  of J 
a c o l l e c t i v i t y  <W, J> . 
Denate 8' = n e denote  t h e  product  s igma-f ie ld  

0 J ( j jo ' 
It Oi by d, and denote  t h e  set of p r o b a b i l i t v  measures 

J ( 3 1  

p i :  O j  -+ [O , l ]  by P;. ?Define the> func t ion  li.-:P + P as follows: 
J J  j 
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pJ = 1 ~ .  (pJ) h'as t h e  p rope r ty  t h a t ,  f o r  any e ,  E e., J J J j 

p . ( p J )  w i l l  be c a l l e d  t h e  j-marginal of  pJ .  

func t ion  J :  pJ +. P' as fol lows:  

Define t h e  
J 

J 

p3 = j ,  ) has t h e ' p r o p e r t y  t h a t ,  f o r  any e j j  E 0 , 
J DJ 

j p (p,) w i l l  b e  c a l l e d  the  j - exc lus ive  marginal of  p . 
J 

5.1.3.2 Def in i t i on :  A f u n c t i o n  u : PJ x R +. R w i l l  b e  c a l l e d  a 
j 

u t i l i t y  func t ion  of j .  

c a l l e d  an impression func t ion  of j .  A. f u n c t i o n  g 

w i l l  be c a l l e d  an i n c e n t i v e  func t ion  f o r  j .  A func t ion  i. 
J 

a s s i g n i n g  t o  each i n c e n t i v e  func t ion  g f o r  j an i n c e n t i v e  

func t ion  2 

f u n c t i o n  f o r  j .  
J J 

s u b s e t s  d .  c P .  w i l l  b e  c a l l e d  a f e a s i b i l i t v  space f o r  j, 

and each element d .  E D. w i l l  be c a l l e d  a f e a s i b i l i t y  f o r  j. 

L e t  { d . l j  E J) b e  a family of f e a s i b i l i t i e s  d one f o r  each 

j E J .  such t h a t  

A f u n c t i o n  h P i  +. P j  w i l l  be J '  J 
PJ +. R . 

j '  

j 
= i . ( g . )  f o r  j w i l l  b e  c a l l e d  an i n t e r p r e t a t i o n  

j J- J 

A non-empty c o l l e c t i o n  D.  c [P . ]  of  non-empty 

J J  

J J 

j' 5.. J 

The set d C PJ of a l l  j o i n t  behav io r s  p J 

.. . . 
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f o r ' k a c h  j E J ,  pj(pJ) E d 

f e a s i b i l i t y  f o r  J .  The set of ' a l l  c o l l e c t i v e  f e a s i b i l i t i e s  

w i l l  b e  c a l l e d  a c o l l e c t i v e  
j 

f o r  3 w i l l  b e  c a l l e d  the  c o l l e c t i v e  f e a s i b i l i t y  space  o f  J 

and denoted by D. 

- _- 
A mapping t - PJ x D -+ D j  w i l l  b e  c a l l e d  

j. 
a f e a s i b i l i t y  t ransformation of j. 

def ined  by 

The mapping t: PJ x D + D 

t<pJ, d)  = (45 E p J l v j ( a J >  E t j ( p J ,  d )  f o r  a l l  j E JI 

w i l l  b e  c a l l e d  t h e  c o l l e c t i v e  f e a s i b i l i t y  t r ans fo rma t ion  

of  J .  - 

5.1.3.3 * D e f i n i t i o n :  L e t  <W, A> be a c o l l e c t i v i t y ,  l e t  

U = {u,Icx E A I  be a family o f  u t i l i t y  f u n c t i o n s ,  

H = {hala E A )  a fami ly  of  impression f u n c t i o n s ,  

G = {gala 

I = (i,la 

T = {tala 

and l .et A.be a family of self- indexed mappings 

E A I  a family of i n c e n t i v e  f u n c t i o n s ,  

E A) a family of  i n t e r p r e t a t i o n  func t ions ,  

E A) a family of f e a s i b i l i t y  t r ans fo rma t ions ,  

":PA X Da + [Pa] . d e f i n e d  by 

.. 
(4, E d a >  where the o p e r a t o r  * and the f u n c t i o n  w are  a 
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def ined  below. Then h e  ordered seven-tuplet  S = 

<W, U, H ,  G, I, T,  A> w i l l  be c a l l e d  a p r o b a b i l i s t i c  s o c i a l  

F _- _ -  sy s t em.  

I 5.1.3.4 D e f i n i t i o n :  L e t  P .  and P' b e  as i n  5.1.3.1. The b ina ry  
3 J 

o p e r a t i o n  * is de f ined  by 

- .. 
5.1.3.5 Def in i t i on :  Denote ia(ga)  = ga end . 

The der ived f u n c t i o n  f;, w i l l  be  c a l l e d  t h e  e f f e c t i v e  u t i l i t y  

func t ion  of a .  
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5.1.3.6 Research Problems: The i n v e s t i g a t i o n  of t he  non-emptiness 

and o t h e r  p r o p e r t i e s  of equ i l ib r ium and Pa re to  sets and t h e  

c o r e  of p r o b a b i l i s t i c  s o c i a l  systems i n  gene ra l  is a r e s e a r c h  

problem not  undertaken here .  A start toward t h i s  is t h e  

a l r eady  mentioned s tudy ( S e r t e l ,  1969 a ,  b )  of a f i n i t e  and 

- _- 

s ta t ic  case - n o t  reproduced h e r e  - b u t  t h e  r e s u l t s  of t h a t  

s tudy can probably be  gene ra l i zed  t o  q u i t e  a degree.  The 

r e l a t i o n  between t h e  equ i l ib r ium set ,  P a r e t o  set  and c o r e  may 

be e s p e c i a l l y  i n t e r e s t i n g  i n  t h e  case of p r o b a b i l i s t i c  

s o c i a l  systems. The reason f o r  making t h i s  con jec tu re  i s  

t h e  p o i n t  made earlier i n  t h i s  s e c t i o n  (preceding 5.1.3.1). 

-concerning ~ t h e  coordinated randomization of members’ a c t i o n s  

f o r  c o a l i t i o n s  i n  t h e  case of p r o b a b i l i s t i c  s o c i a l  systems. 

7. -.-. 



5.2 Toward a Framework f o r  t h e  Analys is  of Power 

. 
With t h e  p r o b a b i l i s t i c  s o c i a l  systems of t h e  previous s e c t i o n  

i n  mind, t he  p re sen t  s e c t i o n  ROW t u r n s  t o  a t o p i c  which i s  c e n t r a l  

t o  p o l i t i c a l  a n a l y s i s ,  namely, power. 

' inducing '  another  w i l l  be  in t roduced .  Being r e l a t e d  t o  t h e  concept 

of c a u s a l i t y  between even t s ,  i t  w i l l  be  used t o  examine t h e  formal 

A no t ion  of  one event  ( ac t ion )  

c o n s t i t u e n t s  of  power r e l a t i o n s  between agen t s .  The main d a t a  

governing such power r e l a t i o n s  w i l l  be der ived  from t h e  j o i n t  

behaviors  of  t h e  s o c i a l  system supposed. 

t hese  r e l a t i o n s  w i l l  be  seen t o  depend on whether t h e  s o c i a l  system 

i s  a t  equi l ibr ium.  

The non-transiency of 

- 

The p resen t  d i s c u s s i o n  w i l l  g e t  f u r t h e r  by, r a t h e r  than s t a r t i n g  

from s c r a t c h ,  ag ree ing  i n  p r i n c i p l e  wi th  t h e  i n t u i t i v e  idea  of power 

t h a t  guided Dahl: "a has  power over  B t o  the e x t e n t  t h a t  he  can g e t  

8 t o  do something t h a t  B would o t h e r w b e  no t  do" [Dahl, 1957, pp. 

202-31 (Dahl*s n o t a t i o n  is d i f f e r e n t  than t h e  one used he re . )  

And, t ak ing  t h i s  as a po in t  of d e p a r t u r e ,  t h e r e  i s  no v i s i b l e  r o u t e  

which both promises t o  l e a d  toward a f r u i t f u l  d e s t i n a t i o n  and 

succeeds i n  completely by-passing t h e  s u b j e c t  of c a u s a l i t y .  For 

t h a t  r e a s o n , i t  w i l l  enhance t h e  e x p o s i t i o n  t o  ag ree  from t h e  o u t s e t  

on a m i n i m a l  b u t  workable committment as t o  when a given event  w i l l  

be considered t o  be  a cause  of another  piven event .  The ques t ion  of 

what are f r u i t f u l l y  t o  be considered as necessary  and s u f f i c i e n t  
, -.-. 

cond i t ions  €or such a causa l  r e l a t i o n  t o  b e  s a i d  t o  e x i s t  between 
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a given p a i r  of even t s  i s  too  deep t o  be  addressed he re .  For 

what is  ahead ,  however, i t  w i l l  b e  important  t o  a g r e e  on some 

necessary cond i t ions .  The cho ice  of  such cond i t ions  w i l l  be  guided 

by bhe o b j e c t i v e  of economizing on commitment s u b j e c t  t o  t h e  con- 

s t r a i n t  of ob ta in ing  something t h a t  is reasonably workable and non- 

vague, I n  doing  so ,  t h e  reader  w i l l  be l e f t  f r e e  t o  add any 

f u r t h e r  axioms which appear t o  be  d e s i r a b l e .  

ques t ions  concerning time-precedence, c o n t i g u i t y ,  etc.,  w i l l  thus  

b e  l e f t  t o  t h e  reader  t o  exercise h i s  pe r sona l  metaphysics wi th  

regard t o .  D i f f e r i n g  from Suppes 119671, t h e  weakest necessary 

- .-- 

A whole h o s t  of 

cond i t ion  i s  chosen as expressed i n  t h e  fo l lowing  d e f i n i t i o n .  

8' 5 . 2 . 1  Def in i t i on :  L e t . $  be a sigma-f ie ld  of even t s  and p: $ -+ [0,1] 

a p r o b a b i l i t y  measure def ined  on $, A relation K C $  x $ 

w i l l  be  s a i d  t o  s a t i s f y  t h e  f i r s t  axiom of c a u s a l i t y  wi th  r e s p e c t  

t o  p i f f  t h e  fol lowing cond i t ion  i s  s a t i s f i e d :  

(E,F)  E K on ly  i f  t h e r e  e x i s t s  (an even&) ' 

I 

E' E $ such t h a t  p[E']  > 0 and 

P[FIE'I < p[FIEI 

5.2.2 Remark: What is  requ i r ed  by t h e  above axiom is q u i t e  minimal. 

I f  (E ,F )  E K i s  e v e r  t o  be read  as "the even t  E is  a cause of 

event  F when t he  p r o b a b i l i t y  judgement p is  de,'' 

being  demanded t h a t  t h e r e  be some event  E'  s w c h  t h a t  F is  less 

it  is 
I. _ _  .. 
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l i k e l y ,  according t o  that  judgement, 'when i t  Ls known t h a t  

E'  is the  case than when E i s  known t o  b e  t h e  case. I f  t h i s  is 

n o t  taken as a n  axiom, then i t  would have t o  b e  considered as 

r easonab le  t o  say "E causes  F a l though F is  a t  least as l i k e l y  t o  

occur under any circumstances which are a t  a l l  l i k e l y  (judged 

t o  have non-zero p r o b a b i l i t y  measure) as under t h e  circumstance of 

. .  E". 

It i s  obvious t h a t  t h e  event E '  which is demanded must be  

d i s t i n c t  from E, i . e . ,  a d i f f e r e n t  s u b s e t  of t h e  s u r e  event  on 

which $ i s  a sigma-field.  This  i s  so, €or o the rwise  p [FIE ' ]  would 

- 

b e  eq.ual t o  p[FIE]. What is  very important t o  recognize,  however, 
t: 

is  t h a t  E '  is - no t  r e q u i r e d  t o  b e  t h e  complement of EC of E. I n  

fact ,  E '  can b e  an event i n  $ which is a (proper) s u b s e t  of F, and 

s t i l l  s z t i s f y  t h e  requirement im?osed, w h i l e  n e i t h k r  E' n o r ,  

indeed, any event  i n  $ which is a subse t  of EC;need s a t i s f y  t h e  

requirement.  

It is  p r e c i s e l y  t h i s  which c o n s t i t u t e s  t h e  fundamental 

disagreement of t h e  axiom chosen i n  5 .2 .1  w i t h  what Suppes 

[1967] takes  t o  be minimal as a necessary cond i t ion .  (Reference 

i s  t o  h i s  D e f i n i t i o n  1 of " p r i m a  f a c i e  cause", page 11 of 

Suppes' Chapter 5 . )  By concen t r a t ing  on t h e  complement of E, 

Dah1 appears i n  h i s  framework t o  have a n t i c i p a t e d  Suppes' p o i n t  

of depa r tu re ,  a l though hi's appearance m a y  b e  due t o  t h e  vagueness 
I -.-. 

of Dahl 's  n o t a t i o n  i n  t h i s  r ega rd ,  which i n  t u r n  may be due t o  
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t h e  f a c t  t h a t  h e  d i d  no t  work w i t h  the  clear not ion  of a sigma- 

f i e l d  of even t s  and may have been unaware o f t h e  d i s t i n c t i o n  

between two events  be ing  complements and two events  be ing  d i s t i n c t .  
- .  - _ -  

I .  

Now an a d d i t i o n a l  and f i n a l  axiom w i l l  b e  in t roduced  t o  

11 c a p t u r e  t h e  not ion  of " d i r e c t i o n a l i t y "  i n  a c a u s a l  r e l a t i o n " .  

5.2.3 D e f i n i t i o n :  L e t  $ and p be  as i n  5.2.1.  A r e l a t i o n  K C $  x $ 

w i l l  be  s a i d  t o  s a t i s f y  t h e  second axiom of c a u s a l i t y  wi th  r e spec t  

Jo p i f f  t h e  fol lowing cond i t ion  is  s a t i s f i e d :  

To summarize 5.2.1 and 5.2.3,  t h e  fol lowing w i l l  be .usefu1 .  

5.2.4 Def in i t i on :  

f i e l d  $ of events ,  and l e t  E, F E $ be two events .  E w i l l  b e  

L e t  p b e  a p r o b a b i l i t y  measure def ined  on a sigma- 

s a i d  t o  p-induce P (denoted as E -+ F) i f f  t h e r e  e x i s t s  a 
P 

r e l a t i o n  K C $  x $ such t h a t  K s a t i s f i e s  t he  f h s t  and second 

axioms of c a u s a l i t y  and (E,P) E K .  

It may be  conjec tured ,  as i t  w a s  by t h e  present  author, t h a t  

E + F and F -+ CI impl ies  E -+ G (where E ,  F,  C, E $, f o r  some sigma- 
. P  P ,P 
f i e l d  $ and where p: $ -+ [ O - Z l ]  is a p r o b a b i l i t y  measure).  The 

con jec tu re  is f a l s e ,  as the  counterexample kindly provided b y  
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P .  R. Kleindorfer  (personal  communication), presented below, 
.. 

demonstrates.  

5.2.5 Proposi t ion:  (The r e l a t i o n )  + need - n o t  b e  t r a n s i t i v e .  
P 

- . -- - 

Proof:Let  $ b e  the Dower set  of {a, b ,  c,  d'} ,and l e t  p: $ + [ O , l ]  

b e  a p r o b a b i l i t y  measure such t h a t  p({a))  = p({bl) = p({c}) = p({d)) 

= 1/4. Then 

and 

s o  t h a t  

and 

{b, c )  + {a, b )  and{c, d l  {b, c l  . 
P P 

However, i t  is - no t  t h e  case t h a t  {c ,  d} + {a, €.) , s i n c e  

p ( ( a ,  b ) ] { c ,  d}) = 0 c o n t r a d i c t s  t h a t  t h e  f i r s t  axiom of 

c a u s a l i t y  ho lds  for any K=C $ x $ such t h a t  ( { e ,  d}, { a ,  b ) )  E K .  

P 

, 

# 
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. 
5.2.6. Remark: It has  l o n g  been recognized t h a t  "the causa l  arrow" 

cannot be regarded as the  ' copula '  of l o g i c a l  imp l i ca t ion ,  

notabl; f k  t h e  reason t h a t  t h e  _- la t ter  cont raposes  wh i l e  t h e  
- -  

former does not .  

and"the impl i ca t ion  arrow" is  revea led  by 5.2.5, i f  -+ is  accepted 

as a "causa l  arrow". (This  is  so, f o r  containment 'c' - is t r a n s i t i v e . )  

Another d i f f e r e n c e  between " the causa l  arrow" 

P 

Note a l s o  t h a t  a s-ure event  can  never be  p-induced, f o r  

t h e r e  cannot e x i s t  a non-null  s u b s e t  c o n d i t i a n a l  upon which i ts  

p r o b a b i l i t y  is less than  u n i t y .  Thus, e . g . ,  with  r e fe rence  

t o  5.2.5, f o r  any E E $, E + {a, b ,  c, d} impl ies  t h a t  p(E) = 0, 
I 

P 
which i s  a cont rad ic t ion :  the f i r s t  axiom of c a u s a l i t y  e f f e c t i v e l y  

prevents  one from say ing ,  f o r  an event ,  which hapDens anyway, 

t h a t  i t  is  "caused" bv some even t .  

Completely s a c r i f i c i n g  t h e  formal development of any i n t e r e s t i n g  

mathematical  consequences from t h e  axioms o r  d e f i n i t i o n s  in t roduced ,  

t h e  promised a p p l i c a t i o n  of t h e  above t o  t h e  t o p i c  of power w i l l  now 

be  pursued. 

system wi th  a personnel  A of t y p i c a l  hehavors. a A .  For any 

c o a l i t i o n  B C A ,  0 = II0 i s  t h e  j o i n t  a c t i o n  f i e l d  of R ,  and 

0 i s  shorthand f o r  0 ; P i s  t h e  behavor space of B,  c o n s i s t i n g  

of a l l  j o i n t  behaviors  p 

The con tex t  of what fo l lows  is  a p r o a h a b i l i s t i c  s o c i a l  

B B  

B (6 )  B 
= OR -+ [O, 11 of B. . .  B 

The fol lowing d e f i n i t i  formal izes  two kev concepts .  
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5.2.7 D e f i n i t i o n :  L e t  A b e  the  personnel  of a p r o b a b i l i s t i c  s o c i a l  

system S,  and l e t  B ,  B ' C  A b e  c o a l i t i o n s .  For anv j o i n t  

behavior p of A, t h e  power r e l a t i o n  M(B, B ' ;  p ) is t h e  set 
A A 

The power r e l a t i o n  M ( B ' ,  B; pA) is de f ined  by r e p l a c i n g  R with 

B '  and B '  wi th  B i n  t h e  last  expression.  The power s t r u c t u r e  

of S s u b j e c t  t o  p is  t h e ' s e t  M(S; p ) = {M(B, B'; p ) I B ,  B '  E [ A l l  
A A A 

of a l l  power r e l a t i o n s  M(B, B ' ;  pA) between c o a l i t i o n s  B,  B' C A .  

The power r e l a t i o n s  Clef ined above p a r t i c u l a r i z e  t o  " in t e rpe r sona l "  

r e l a t i o n s  when only s i n g l e t o n  c o a l i t i o n s  are cons ide red  (Cf . (Frey, 

n.d;  p .  17).) They, as w e l l  as M(S: p ),  can be "quant i f ied" i n  
A 

t h e  f a s h i o n  now t o  be  i n d i c a t e d .  
. .  . . .  

5.2.8 Def in i t i on :  L e t  M(B,  B ' ;  pA) be  a power re la t i& i n  a power 

s t r u c t u r e  M(S; pA). 

(eB,eB,)  with 8 E 0 and e E Q by 

Define t h e  func t ion  m f o r  each ordered p a i r  

B B  B'  

lo, otherwise.  

The func t ion  m w i l l  be c a l l e d  t h e  numerical r e p c e s e n t a t i o n  of ? i (B,  

B ' ;  PA).  

of M(S; p ) will b e  c a l l e d  t h e  numerical  r e p r e s e n t a t i o n  of FI(S;pA). 

The set o f  numerical  .. Fepresentat ions,  cDf a l l  elements 

A 
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5.2.9 Remark: 

alone; namely, t h e  j o i n t  behavior  p of S .  

The def inanda of  5.2.7-8 are a l l  determined by one datum 

A 

5.2.10 Remark: A b r i e f  comparison of t h e  f u n c t i o n  rn-with Dahl 's  "amount - _ -  
of power" 11957, p. 2051 i s  i n  o rde r .  Althou& t h e  p r o b a b i l i t y  

measure he uses  is n o t  a j o i n t  behavior and his n o t i o n  of a c t i o n  

i s  n o t  clear, wi th  some harmless change i n  no fxa ion ,  Dahl 's  

d e f i n i t i o n  of  t h e  amount of power of B 

t h e  response e, , ,  by means of 6 

over  B", wi th  r e s p e c t  t o  

sets t h i s  amowmt equa l  t n  
u rr' 

A(BB,BB1) = Prob [ 6  16 I - Prob [ 6 B l [ 6 k J j  B'- B 

I f  t h e  p r o b a b i l i t y  p i s  used, then A becomes more e a s i l y  

comparable wi th  m. I n  t h a t  case, m becomes t h e  (counterpar t  
A 

h e r e  of A i n  Dahl 's  framewo'rk. The two are u e q  d i f f e r e n t  f u n c t i o n s  

of course,  s i n c e  t h e  fo rma l i za t ion  of t h e  uncferlying no t ion  of 

power h e r e  fundamentally d i f f e r s  from t h a t  of mtaht. I n  t h e  

p r e s e n t  framework pA[e 16 1 has  no par t icuHax s i g n i f i c a n c e  
C 

B B  
i n  t h e  o b t a i n i n g  of t h e  number m (eB, 6 

r o l e  i n  determining whether o r  n o t  6 + F! It is important 

t o  n o t e  tha t .  m w i l l  d e t e c t  some cases where $, -k €3 bv 

a s s i g n i n g  rn(eB, € I B l )  > O  

A may a s s i g n  A(8 8 ,) <. 0 whi l e  0 

), a s  Y t  has  no s p e c i a l  B 

B PA B.R" 

PA B' 
w h i l e  A w i l l  f a i l  to: do so .  In  f a c t  

O B l ; m  :SO t h a t  m ( 0  6 ,) >O. B $A B' B B'  B 
Hence from t h e  s t andpo in t  of the devel.opm~mt h e r e ,  Dahl 's  

measure has  t o  b e  c l a s s i f 5 e d  as mis l end ing . I t  ES remarkable t h a t  

two fo rma l i za t ions  of t h e  same i n t u i t i v e  notiimn (recorded a t  t h e  



106 

o u t s e t ) ,  should g i v e  such d i s a g r e e i n g  r e s u l t s .  The fact is, 

however, t h a t  t h e  n o t i o n  formalized h e r e  is a c t u a l l y  t h e  following: 

B has  power over  B '  w i th  r e s p e c t  t o  induceeact ion 0 by means 
B '  ' 

amount o f  t h i s  

of inducing a c t i n g  0 and s u b j e c t  t o  pAy i f f  0 -+ 0 : t h e  
B' B PA B '  

power is t h e  p r o 6 a b i l i t y  p [ e  10 ] of t h e  
A B  B 

inducee a c t  i on  

I n  t h e  above 

c o n d i t i o n a l  upon t h e  inducing a c t i o n .  

d e f i n i t i o n s  and remarks concerning power, an 

a r b i t r a r y  j o i n t  behavior p of t h e  s o c i a l  system w a s  used i n  

computing a l l  t h e  necessa ry  p r o b a b i l i t i e s .  

j o i n t  behavior  be ing  an equ i l ib r ium p o i n t  is clear, i f  t h e  power 

r e l a t i o n s  and power s t r u c t u r e  are t o  b e  considered as non-transient .  

A 
The importance of t h a t  

For i f  t h e  very f a c t  t h a t  a c e r t a i n  power s t r u c t u r e  (o r  p ) ho lds  

l e a d s  t o  i t s  be ing  a l t e r e d ,  as i s  t h e  case f o r  any non-equilibrium 

then t h e  power s t r u c t u r e  ( o r  p ) i n  ques t ion  i s  t r a n s i e n t  and 

n o t  a r e g u l a r i t y .  It is important ,  t h e r e f o r e ,  whether t h e r e  exists 

= e q u i l i b r i u m  pAy f o r ,  i f  t h e r e  does,  then t h e  a s s o c i a t e d  power 

A 

PA' . A 

s t r u c t u r e  i s  an eq-uilibrium power s t r u c t u r e .  That t h e r e  does 

e x i s t  an equ i l ib r ium p f o r  c e r t a i n  p r o b a b i l i s t i c  s o c i a l  systems 

w a s  shown i n  [ S e r t e l ,  1969 a] .  Genera l i za t ions  of t h a t  r e s u l t  and 

t h e  i n v e s t i g a t i o n  of t h e  a t t r a c t i o n  and s t a b i l i t v  p r o p e r t i e s  of 

e q u i l i b r i u m  sets and c o r e s  appear c l e a r l y  to  promise an important 

bea r ing  on p o l i t i c a l  a n a l y s i s .  

A 
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5.3 Towards t h e  Analysis  of A t t r a c t i o n  and S t a b i l i t y  

Given t h a t  t h e  equi l ibr ium set  o r  P a r e t o  set o r  c o r e  of 

a s o c i a l  system is non-empty, two--important and r e l a t e d  types 

of ques t ion  

The t o o l s  f o r  i n v e s t i g a t i n g  t h e s e  t o p i c s  are t o  b e  fnund i n  t h e  

theory of dynamical systems.  Natura l ly ,  t h i s  is a l s o  where t h e  

a r i s e  concerning t h e s e  sets: a t t r a c t i o n  and s t a b i l i t y .  

no t ions  themselves of a t t r a c t i o n  and s t a b i l i t y  are developed, 

so i t  is t h e r e  t h a t  one has  t o  t u r n  i n  o rde r  t o  see p r e c i s e l y  

what t h e s e  are. A few pre l iminary  -- d e f i n i t i o n s  of t h i s  theory 

w i l l  be  presented h e r e  t o  c r y s t a l l i z e  t h e  r equ i r ed  

i t  w i l l  be shown how a s o c i a l  s y s t e m  may b e  looked 

dynamical system, so t h a t  t h e  theory of t h e  l a t te r  

concepts .  Then 

upon a s  a 

may b e  appl ied  

t o  t h e  former. F i n a l l y ,  some d i scuss ion  w i l l  fol low.  

Poss ib ly  the most prominent au thor  on a t t r a c t i o n ,  as w e l l  

as the  o r i g i n a t o r  of t h e  not ion  o f  weak a t t r a c t i o n ,  i s  Bhat ia  (1966). 

The d e f i n i t i o n s  t o  fol low,  however, are borrowed from another  

prominent au tho r ,  SzegB(1968). 

harmless fash ion  t o  relate most 

area of a p p l i c a t i o n .  Because.of 

been changed, i n  o rde r  t o  avoid 

They are s l i g h t l y  modified i n  

d i r e c t l y  t o  s o c i a l  systems as an 

t h i s ,  some of t h e  terms have 

confusion.  Wotably, t h e  not ion  of 

a dynamical system has  been modified and t h e  t e r m  "evolut ionary 

system" a t t ached  t o  t h e  r e s u l t .  _ -  
I .  
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I 

For t h e  fo l lowing  d e f i n i t i o n s ,  l e t  X be a ' l o c a l l y  compact . 
Hausdorff space ,  and denote  the  set of non-negative i n t e g e r s  by 

2, t a k i n g  t h e  order  topology on Z. A b a r  a c r o s s  t h e  top  w i l l  

i n d i c a t e  topo log ica l  c losu re .  _- - 

5 . 3 . 1  D e f i n i t i o n :  A evo lu t iona ry  s y s t e m  i s  an ordered t r i p l e t  

<X,  2, E> , where 

(5.3.1.1) E:X X Z +X i s  an usc poin t - to-se t  mapping; 

- 
(5.3.1.2) E(x, 0) = x (x E X I ;  

(5.3.1.3) E(E(x,m),n) = E(x, &n) (x E X;  m, n 6 2 ) .  

5.3.2 Def in i t i on :  The f u t u r e  of  a po in t  x E X is t h e  set F(x) = 

5.3.3 Def in i t i on :  The l i m i t  set of a po in t  x E X is t h e  set  
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(5.3.4.1) ,A'-(M) = (x[L(x)O?l # @ } 

,is c a l l e d  t h e  r eg ion  of weak a t t r a c t i o n  of M. M i s  c a l l e d  

a w e a k  a t t r a c t o r  i f f  A-(M) is  a nbd of M. 
- .- - 

(5.3.4.2) A'(f4) = {XI@ # L(x) C M } 

is c a l l e d  t h e  r eg ion  of a t t r a e t i m  of M. M is c a l l e d  an 

a t t r a c t o r  i f f  A+(M) i s  a nbd of  M. - 

5.3.5 Def in i t i on :  L e t  M C  X be  compact. ' 

- 

(5.3.5.1) M i s  s t a b l e  . i f f ,  f o r  every nbd V of M, t h e r e  exists a nbd 

U of M such t h a t  P ( U )  C V. 

(5.3.5.2) 'I4 i s  asympto t i ca l ly  s t a b l e  i f f  i t  i s  a weak a t t r a c t o r  and 

. s t a b l e .  

The above d e f i n . i t i o n s  w i l l  now be i n t e r p r e t e d  from t h e  viewpoint 

o f '  t h e i r  a p p l i c a t i o n  t o  s o c i a l  systems. The space X is t o  b e  

i n t e r p r e t e d  as t h e  domain of an evo lu t ion ,  so t h a t ,  depending 

on t h e  s o c i a l  system i n  mind, X w i l l  be  e i t h e r  simply t h e  c o l l e c t i v e  

(o r  j o i n t )  behavior space,  o r  i t  w i l l  b e  t h e  product of t h e  

c o l l e c t i v e  ( o r  j o i n t )  behavior space w i t h  t h e  c o l l e c t i v e  f e a s i b i l i t y  

space.  I n  each of t h e  c a s e s  where the c o n t r a c t u a l  s e t  w a s  proved 

. . .  
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._ 
t o  b e  non-empty i n  t h i s  s t u d y ,  

t h e  requirement t h a t  it b e  a l o c a l l y  compact Hausdorff space.  

X w a s  compact, hence s a t i s f v i n g  

Now t h e  mapping E can b e  r e l a t e d  bo t h e  evo lu t ion  of a s o c i a l  
6 .  

1 system. Denoting t h e  l a t te r  by E', equa te  E (x) = E ( x , l ) .  Then 

E 1 i s  t h e  one-time-application of E. The cond i t ion  5.3.1.2 

states t h a t  i f  E i s  app l i ed  ze ro  times, then  nothing changes. 

If i t  is  app l i ed  two t imes, then E(x,' 2)  = E(E(x',l),  1) = E 

(x) ) ,  and so on. 

a n  evo lu t ion .  A s  t o  E be ing  use,  it has  t o  b e  remarked t h a t  

1 
(E1 

This i s  c l e a r l y  c o n s i s t e n t  with t h e  idea  of 

- 
w a s  usc i n  every case where it was shown t o  have a f i x e d  p o i n t .  

1 From t he  f a c t  t h a t  E is USC,  it fol lows that ,  d e f i n i n g  

0 E (x) = E (x, O), 

E" = E' ( E ~ - ' )  (n = 1, 2 ,.... ), 

n 
E i s  USC f o r  any n E Z. 

Now l e t  V b e  a nbd of E(x, m). To show t h a t  E is USC, one 

needs t o  show t h e  e x i s t e n c e  of nbd U of (x,m) such t h a t  E(U) C V. 

. Note t h a t  E(x ,  m) = Em(x) and t h a t  {m} is a nbd of  m. Since 

m E 

U = N x (m) is a nbd of (x, m) such t h a t  E(N x (m}) = Em(N) C V. 

i s  usc,  t h e r e  e x i s t s  a nbd N of x such t h a t  Em(N) C V. Then 

'Hence, E is USC, from t h e  &sumption t h a t  E' is so. Thus, as 

long  as USC evo lu t ions  are used,  as done i n  t h i s  s tudy ,  t o  



e s t a b l i s h  the non-emptiness of a c o n t r a c t u a l  se t ,  i t  is  I rmless 

t o  assume 5.3.1.1. 

5.3.1 as a whole. 

Regarding t h e  

Th i s  concludes t h e  j u s t i f i c a t i o n  f o r  

- 
/ 

set  M used i n  t h e  d e f i n i t i o n s  5 . 3 . 4 - 5 ,  n o t i c e  

t h a t  i t  can be i n t e r p r e t e d  as a c o n t r a c t u a l  set (or co re ,  etc.)  

as long as compactness is guaranteed f o r  t h e  l a t te r .  I n  t h e  case 

of  t h e  sets proved t o  b e  non-empty i n  t h i s  s t u d y ,  t h e  requirement 

i s  met- .  

The i d e a  intended t o  b e  communicated by t h e  p re sen t  s e c t i o n  

is  t h a t  t h e  theory of dynamical svstems may o f f e r  t h e  t o o l s  r e a u i r e d  

f o r  t h e  a t t r a c t i o n  and s t a b i l i t y  a n a l y s i s  of t h e  equ i l ib r ium set 

and c o r e  o f  a s o c i a l  system. The mod i f i ca t ions  with which t h e  

d e f i n i t i o n s  above w e r e  presented amount t o  incorporatPng t h e  case 

where E i s  a point- to-set  mapping, as corresponding t o  t h e  f a c t  

t h a t  a n  evo lu t ion  E i s ,  i n  gene ra l ,  of t h i s  n a t u r e .  

Without some r a t h e r  s t r i n g e n t  assumptions ( i n  t h e  n a t u r e  

1 

of s t r i c t  quasi-concavity for c e r t a i n  r e s t r i c t i o n s  of e f f e c t i v e  

u t i l i t y  func t ions )  t h e  evo lu t ion  of a s o c i a l  system w i l l  u sua l ly  

n o t  b e  a point-to-point mapping. In t h i s  case, t h e  usua l  Liapunov 

o r  s impler  methods of s t a b i l i t y  a n a l y s i s  a re  i n a p p l i c a b l e ,  so  t h a t  

some remedy has  t o  b e  sought.  The d i s c u s s i o n  above is t h e  r e s u l t  

of some groping i n  t h a t  d i r e c t i o n .  

<. -.-. 
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5.4 Towards t h e  Planning and Cont ro l  of Organizat ions - 

The purpose of t h i s  s e c t i o n  is  t o  i n d i c a t e  s e l e c t e d  ex tens ions  

and a p p l i c a t i o n s  of t h e  above framework and theory which b e a r  

espec~ny+ on t h e  management of s o c i a l  sys tems.  

be s e l e c t i v e  f o r  t h e  same s o r t  of reasons t h a t  would f o r c e  one t o  be  

- _- - -  
The s e c t i o n  has  t o  

so i f  one w e r e  l i s t i n g  t h e  uses  of a d d i t i o n  and m u l t i p l i c a t i o n .  It 

has t o  b e  s e l e c t i v e  a l s o  f o r  t h e  reason  t h a t ,  a f t e r  a p o i n t , i t  

i s  more f r u i t f u l  t o  do than t o  t a l k  about t h e  doing,  t o  extend 

and t o  apply r a t h e r  than  t o  end le s s ly  converse on where and how t o  

extend and t o  apply.  

"Management", a t  least  f o r  t h e  p re sen t  d i s c u s s i o n ,  i s  t h e  

guessing of what i s  an  achievable  "best" and t h e  see ing  t o  it 

t h a t  such a b e s t  i s  achieved.  S o ,  with  no g r e a t  l o s s  i n  pa raphras ing ,  

i t  is planning and c o n t r o l .  The guess ing  of what i s  achievable  and 

b e s t ,  i .e . ,  p lanning ,  is  a m a t t e r  of knowing what are reachable  

p o i n t s  of t h e  un ive r se ,  having c r i t e r i a  of goodness for t hose  

p o i n t s ,  and, l a s t  b u t  no t  a t  a l l  least ,  having a framework and 

accompanying methods, t o o l s  of a n a l y s i s ,  t o  a c t u a l l y  select a 

po in t .  And by t h e  framework and method of a n a l v s i s  is no t  meant 

as much an opt imiz ing  a lgo r i thm as is  meant a way of thinking.,  

mode 11 i n  g , f a  i t h  f u l  l y  ab s t r a c t  i n  g e s s e n t i a l s  and simply 

r ep resen t ing ,  i n  a f a sh ion  t h a t  is perhaps communicable t o  some 

7 .. opt imiz ing  a lgor i thm.  ,. 

Suppos ing  t h a t  a b e s t  ach ievab le  p o i n t  is known, t h e  actual  



113 

s e e i n g  t o  i t  t h a t  t h e  p o i n t  is  approximated i n  r e a l i t y  i s  a matter 

of cont;olling t h e  sys.tem whose performance i s  i n  ques t ion  and which 

performance i s  one of t h e  r eachab le  ."points" i n  t h i s  a b s t r a c t  

d i s c o u r s e .  

what v a r i a b l 6 s  - "knobs, bu t tons ,  and levers", as i t  were - can 

The a b i l i t y  to  c o n t r o l  t h i s  system i n  t u r n  depends on - _-  
~ 

be  se t ,  and on knowing how t h e  system responds to  t h e  va r ious  

va lues  a t  which t h e s e  can be set .  

When t h e  system i n  ques t ion  is  a s o c i a l  system, as i t  

always i s  i n  any n o n - t r i v i a l  management problem, and when i t  

i s  a l a r g e  system, t h e r e  is  r e a l l y  no way t o  manage b u t  t o  work 

with a h igh ly  a b s t r a c t  modei  of i t .  

one cannot manage or improve t h e  performance of a given h o s p i t a l ,  

s choo l ,  bus iness  o r g a n i z a t i o n ,  f o o t b a l l  team o r  economy wi thou t  

This is  no t  t o  say  t h a t  

such a b s t r a c t i o n .  It is  t o  say ,  however, t h a t  - as Polya is 

known t o  have remarked - a t r i c k  w i l l  work once, and it is  a method 

t h a t  works t h e  next  t i m e .  

It i s  t h e  o b t a i n i n g  of 

addressed a% an a p p l i c a t i o n  

t h e  system t o  b e  managed i s  

such methods of management which is  

h e r e .  It wi.11 b e  taken as granted t h a t  

a s o c i a l  s y s t e m ,  i t s  performance 

depending on t h e  behavior  of t h e  system and.  t h z t  behavior be ing  

. a c o n c i s e  way of expressing t h e  behav io r s  .of t h e  members, o r  , 

i n  gene ra l ,  t h e  c o a l i t i o n s  - 
It w i l l  be assumed t h a t  t h e r e  i s  some c r i t e r i o n  o r  o b j e c t i v e  

f u n c t i o n a l  which numerical& r e p r e s e n t s  t h e  performance of  t h e  

s y s t e m  as a func t ion  of i t s  behavior .  I f  t h e r e  i s  no such guide  
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f o r  comparing one behavior  of t h e  system w i t h  ano the r  behavior ,  

t hen  i t  i s  n o t  possib1.e t o  guess what i s  a "bestr1 behavior;  so ,  t o  

t a l k  of managing t h e  system, such a guide h a s  t o  b e  assumed t o  

. 

ex i s t .  I n  r e a l i t y ,  much of t h e  d i f f i c u l t v  ~ of management may b e  

due t o  t h e  absence of such a guide i n  c l e a r c u t  form. 

i s  no th ing  t h a t  can b e  done about t h a t  h e r e .  I f  t h e  o b j e c t i v e  

i s  t o o  vague, it w i l l  n o t  be p o s s i b l e  t o  d i s c r i m i n a t e  good 

management from bad anyway. 

/ 

But t h e r e  

The n a t u r e  of t h i s  o b j e c t i v e  f u n c t i o n a l  can b e  expressed w i t h  

' t h e  example of  an economy. Think of a g ross  s o r t  of "production 

funct ion" which shows n a t i o z a l  income as a f u n c t i o n  of levels of 

v a r i o u s  a c t i v i t i e s .  Supposing t h a t  n a t i o n a l  income i s  t h e  b e t t e r  

t h e  l a r g e r ,  i .e . ,  t h a t  i t  i s  a t r u e  measure of performance, and 

looking a t  t h e  mentioned "act ivi t ies"  as behav io r s  of one s o r t  of 

ano the r  - o r  as aggregat ions of and decomposable i n t o  such - what 

one has  is  a n  o b j e c t i v e  f u n c t i o n a l  of t h e  kind that  w i l l  b e  

supposed. 

It i s  an opportune moment t o  d e f i n e  a n  o r g a n i z a t i o n  

R= < S ,  q> as  a s o c i a l  system S t oge the r  w i th  an o b j e c t i v e  

f u n c t i o n a l  a r X  + R ,  where X is e i t h e r ,  as u s u a l ,  t h e  c o l l e c t i v e ,  

or t he  j o i n t  behavior space of S .  For t h e  sake of s i m p l i c i t y ,  

assume t h a t  t h e  personnel  N = <1, ...., n> of S i s  f i n i t e .  

Often,  when an o rgan iza t ion  R = < S ,  q> is s p e c i f i e d , q  i s  a 
7. 

gross"  and n o t  a "net" o s j e c t i v e  f u n c t i o n a l ,  i n  a sense  t h a t  ?I 

w i l l  now b e  seen. Consider the case of a b u s h e s s  o r g a n i z a t i o n  
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and l e t  q r ep resen t  revenue n e t  of a l l  expenses b u t  wages and 

salaries. The i n c e n t i v e  func t ions  g .  (j E N) express  amounts, . J 
i n  money u n i t s  f o r  t h e  example being considered,  given t o  t h e  

va r ious  members of t h e  personnel .  Summing up, one o b t a i n s  t h e  

p a v r o l l  func t ion  p = C g,, so  t h a t  
N J  

r e p r e s e n t s  t h e  a d d i t i o n a l  p a v r o l l  expense which has  t o  be  

deducted from q(x) t o  compute t h e  p r o f i t  f (x)  = q(x)-p(x) as 

a f u n c t i o n  of t he  behavior x of t h e  o r g a n i z a t i o n  R .  

Suppose now t h a t  one seeks t h e  "optimal" i n c e n t i v e  scheme 

g = (gl, . . . , gn).  ??or a prof it-maximizing concern, t h e  func t ion  

sought is g* such t h a t ,  among a l l  i n c e n t i v e  schemes, p* maximizes 

p r o f i t .  But t h i s  is no t  such a c l e a r  s ta tement  y e t ,  f o r  t h e  

behavipr x of R depends on the. i n c e n t i v e  scheme imposed, and t h e r e  

may b e  more than  one p o s s i b l e  way i n  which t h e  system S behaves f o r  

a given g. Furthermore, t h e  set  of t h e s e  behaviors  corresponding 

to g maybe a l a r g e  set .  Worse, t h e r e  m a y  b e  no equil.ibrium behavior 

when g i s  imposed, t h e  behavior of S c v c l i n g  around i n  t h a t  set of 

,behaviors a s s o c i a t e d  wi th  g.  It is n o t  p o s s i b l e  i n  gene ra l  then 

t o  w r i t e  x as a func t ion  #(g) o f  g and then  write f = f ( + ( g ) )  t o  s ea rch  

f o r  an op t ima l ,  i . e . ,  f-maximizing,incentive scheme g*. 
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I f _  t h e r e  ex is t s  a n  equ i l ib r ium behavior  x E $(g),  however, 

then th ings  are d i f f b r e n t ,  Suppose it is  lcnmxxs ithen t h a t  t h e r e  is 

a f a i r l y  wide class I' of  i n c e n t i v e  schemes sue& rthat f o r  every 

g E r ,  t h e  system S has  an equi l ibr ium. Su& a t d a s s  I' i s  

i d e n t i f i e d  by t h e  e q u i l i b r i u m  e x i s t e n c e  theorems of t h i s  s tudv  f o r  

a v a r i e t y  of s o c i a l  systems S .  Suppose t h a t  a. KAirlv wide s u b s e t  

of were i d e n t i f i e d  t o  b e  a se t  of i n c e n t i v e  snlhemes f o r  which 

t h e  equ i l ib r ium set h a s  f u r t h e r  n i c e  propert-req,  s u c h ' a s  being an 

a t t r a c t o r  and being s t a b l e .  W e  a l r e a d y  know th&t ' t h e  e a u i l i b r i u m  

set  i s  compact f o r  each of $-he cases where It wns proved i n  t h i s  

s tudy t o  b e  non-empty. Suppose t h a t  f u r t h e r  s&wtlies, ex tens ions  

of, t h e  p re sen t  one, t each  u s  how t o  f i n d  a sut ieet  r '  of  r f o r  

which t h e  e q u i l i b r i u m  sets are a l l  verv s m a E E ,  ;and s t a b l e  

a t t r a c t o r s .  Then $ ( g )  f o r  each g E I" can be m-epresented, f o r  a11 

p r a c t i c a l  purposes,  by a s i n g l e  p o i n t  x E $(gx.. 

Now, r e t u r n i n g  t o  the  o r i g i n a l  problem of cuptimizing t h e  

i n c e n t i v e  scheme, w r i t e  

s.t  g E r 1  

as a well-defined op t imiza t ion  problem. ProbXemMs of t h i s  s o r t  have 

been considered by Kr iebe l  and Lave [ 19691 . 
i n t e r e s t i n g  case is  t h a t  o f  the "constant-&an= f i n i t e  o rgan iza t ion" ,  

where g j  = x j q ,  

i n  Ens' with 

A? i p a r t i c u l a r l y  

,-. -.-. x = ( x o ,  xi, ... A,) b e ing  a nonenegat ive  v e c t o r  
n 

j =O 
= 1, determining f = 21 'q as the  p r o f i t  j E), 
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func t ion .  Assuming nega t ive  d e f i n i t e  q u a d r a t i c  e f f e c t i v e  u t i l i t v  

f u n c t i o n s  w and s i m i l a r  q ,  prel iminary r e s u l t s  have been obtained 

by P. R. Kleindorfer  and t h i s  au tho r .  

.. .. 
j 

The 'above c o n s t i t u t e s  one i l l u s t r a t i o n  of how one would 

u s e f u l l y  proceed from t h e  p re sen t  s tudy i n  ob ta in ing  r e s u l t s  

c e n t r a l  t o  t h e  management of o rgan iza t ions .  The b a s i c  i d e a s  behind 

what w a s  j u s t  i l l u s t r a t e d  a r o s e  du r ing  t h e  w r i t i n g  of a paper on 

--- 
. -  

o r g a n i z a t i o r s l  s t r u c t u r e s  ( Zannetos and S e r t e l ,  1971). 

Th i s  should b e  taken as a n  i n d i c a t i o n  t h a t  they w i l l  b e  followed up. 

While on t h e  t o p i c  of  i n c e n t i v e  schemes, i t  i s  opportune 
- 

t o  mention how t h i s  relates t o  t h e  t o p i c s  of r e g u l a t i o n  and 

l e g i s l a t i o n  as s p e c i f i c  i n s t a n c e s  o f  t h e  gene ra l  t o p i c  of c o n t r o l l i n g  

s o c i a l  systems. 

No g r e a t  imagination is req.uired t o  see t h a t  t h e  i d e a  of 

an i n c e n t i v e  scheme is an d d e a l i z a t i o n  of t h e  no t ion  of  a 

r u l e ,  r e g u l a t i o n  o r  l a w  i n  a s o c i a l  con tex t .  Ths s a n c t i o n s  behind 

l a w s  are no t  always real-valued,  b u t  u s u a l l y  real vector-valued. 

For example, a sentence of 18 months imprisonment and a $35,000 

f i n e  can be  pronounced toge the r .  Suspensions of l i c e n c e s ,  e t c . ,  

are a l s o  sanctions. .  SO,  i n  g e n e r a l ,  incent ives '  are no t  real- 

valued. But t h i s  is no t  a tremendous blow t o  t h e  model of  a s o c i a l  

system presented h e r e ,  f o r  vector-valued i n c e n t t v e s  can be  

incorporated with no s e r i o u s  t r o u b l e ,  except f o r  some tedium i n  

some of  t h e  proofs .  I n  ord& not t o  complicate t h e  model any 

f u r t h e r ,  s o  t h a t  i t s  m a i n  f e a t u r e s  s t a n d  out more c l e a r l y ,  
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i n c e n t i v e s  were r ep resen ted  as real numbers. Recognizing a l l  t h i s ,  

however, t h e  b u s i n e s s  of  l e g i s l a t i o n  is  e a s i l y  seen t o  b e  t r u l y  

%. 

a managerial  a c t i v i t y .  The choice of  i n c e n t i v e  scheme f o r  t h e  

profit-maximizing o r g a n i z a t i o n  considered above and t h e  making 

of l a w s  are e s s e n t i a l l y  t h e  same s o r t  of  t h ing .  

How do t h e  e x i s t e n c e  and v a r i o u s  p r o p e r t i e s  of equ i l ib r ium 

' o r  c o r e  p o i n t s  relate t o  t h e  t o p i c  of l e g i s l a t i o n ?  Perhaps t h e  

easiest way t o  communicate how is  by means of a n  example. Take 

t h e  case of a t y p i c a l  unsuccess fu l  " r u r a l  reform", i n  a backward 

and s t r o n g l y  f euda l  r eg ion ,  which r e d i s t r i b u t e s  land and i l l e g a l i z e s  

a l l  t axes  paid by peasan t s  t o  l and lo rd .  The mere pass ing  of t h e  

l a w  makes l i t t l e  d i f f e r e n c e s  t o  r e a l i t y ,  f o r  t h e  system tends 

I 

r i g h t  back t o  i t s  o r i g i n a l  equ i l ib r ium,  i f  ever  i t  i s  d i s t u r b e d  

i n  t h e  f i r s t  place.  To prevent  *hat is intended t o  be  prevented,  

an i n c e n t i v e  scheme has  t o  be found under which the' undesired 

s ta tus-quo i s  l e f t  o u t s i d e  t h e  eou i l ib r ium set .  To make s u r e  it 

r e a l l y  works, t h e  equ i l ib r ium s e t  induced by t h e  l e g i s l a t i o n  has  

t o  be  an a t t r a c t o r  and s t a b l e ,  so t h a t  t h e  behavior of t h e  

system i s  a t t r a c t e d  toward t h i s  set  and, once a t t r a c t e d ,  s t a y s  

i n  t h a t  v i c in ' i t y  . 
Success fu l  l e g i s l a t i o n  r e q u i r e s ,  t h e r e f o r e ,  a n  equ i l ib r ium 

a n a l y s i s  of t he  s o c i a l  system, whether t h i s  is  based on s t r o n g  

s o c i a l  i n t u i t i o n  o r  mathematics. Often i t  is  n o t  p o s s i b l e  t o  

a l ter  t h e  status-quo without  a r e - s o c i a l i z a t i o n  of t h e  personnel .  
r i-. 
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Consider t he  case where one is i l l e g a l i z i n g  head-hunting i n  t h e  

P h i l l i p i n e s ,  polygamy i n  a t r a d i t i o n a l  Islamic community, racial  

d i s c r i m i n a t i o n  i n  South Af r i ca ,  o r  s l a v e r v  i n  earlier A m e r i c a .  

To t h e  people whose behavior  has t o  be  a l t e r e d ,  t h e r e  is no th ing  

wrong wi th  t h e i r  p re sen t  behavior ,  i n  f a c t ,  what is asked o f  them 

seems rikdiculous o r  even immoral t o  them. There i s  l i t t l e  

- 
_ -  

t h a t  can b e  done by l e g i s l a t i o n ,  except f o r  t h a t  l e g i s l a t i o n  which 

a f f e c t s  t h e  s o c i a l i z a t i o n  p rocess ,  g iv ing  new v a l u e s  t o  new v i n t a g e  

of  e n t r a n t s  i n t o  t h e  personnel ,  while t h e  o l d e r  v i n t a g e  d i e s .  

Black-marketeering and smuggling are t y p i c a l l y  behaviors  

which aannot b e  prevented except  by readjustment  of  t h e  re la t ive  

p r i c e  v e c t o r ,  f o r  i t  i s  the  f a c t  t h a t  they belong t o  t h e  equ i l ib r ium 

set of t he  p re sen t  p r i c e  v e c t o r  t h a t  accounts  for  t h e i r  presence.  

Adjust ing t h e  p r i c e  v e c t o r ,  of course,  o f t e n  d e f e a t s  t h e  purpose 

of making c e r t a i n  goods and services u n a v a i l a b l e  i n  t h e  f i r s t  p l a c e ,  

so  t h i s  c o n s t i t u t e s  no way ou t .  The i d e a  of i l l e g a l i z i n g  c e r t a i n  

product ion and t r a d e  a c t i v i t i e s  and imposing s a n c t i o n s  tries t o  

add new " p r i c e  tags"  of p o s s i b l e  imprisonment, e tc . ,  t o  t h e  usua l  

one of pence and p i a s t r e s ,  and seeks  t h u s  t o  make t h e  d e a l i n g  

i n  t h e  markets i n  ques t ion  u n a t t r a c t i v e .  It succeeds t o  t h e  

J 

e x t e n t  t h a t  t h e  elongated new !'price vector"  moves t h e  equ i l ib r ium 

set  away from those  c o l l e c t i v e  behaviors  i n  which t h e  undesired 

behav io r s  are  components. 

Another example of a case where some equi l3ar ium a n a l y s i s  

i s  needed i s  the prevent ion of f r aud  i n  an account ing system. T h e u s u a l  
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r u l e  i s  well-advised: make it  necessary t o  form as l a r g e  c o a l i t i o n s  

as p o s s i b l e  f o r  f r aud  t o  become unde tec t ab le .  Requiring t h a t  a t  

least two people coa le sce  f o r  anyy . f r aud  t o  succeed is  t h e  u s u a l  

e x t e n t  t o  which t h i s  r u l e  i s  c a r r i e d .  The extreme a p p l i c a t i o n  would 

be  t o  expel  a l l  f raud from t h e  co re .  That ,  o f  course,  may r e q u i r e  
~ _- 

a b i t  more than i n t u i t i o n  t o  s u c c e s s f u l l y  do. 

The example of t h e  accounting system, however, is  i n t e r e s t i n g  

i n  a d i f f e r e n t  s ense  than t h e  earlier examples. For t h e  method 

of  fraud-prevention h e r e  is also information-systemic r a t h e r  than 

pu re ly  incent ive-sanct ion based. For i t  i s  a l r eady  i l l e g a l  

and s e v e r e l y  punishable t o  cheat .  The key is t o  y i e l d  t h e  undes i r ab le  

behavior d e t e c t a b l e  o r  observable  whenever i t  becomes p o s s i b l e ,  

i e . ,  unblocked. 

All t h e  above h i n t s  a t  three main means of s o c i a l  con t ro l :  

remunerat ional  (v i a  i n c e n t i v e  schemes), s o c i a l i z a t i o n a l  (via 

a l t e r a t i o n s  i n  u t i l i t y  schemes) and in fo rma t iona l .  The last mentioned 

can be  explored a b i t  f u r t h e r .  The impression func t ions  of  t h e  

framework used i n  t h i s  s tudy  can be decomposed into two func t ions .  

Take a t y p i c a l  impression func t ion  h, : Xa + Xa. L e t  6 :X" + I(" 
01 

be a func t ion  c a l l e d  the  d a t a  f u n c t i o n : r e p o r t i n g  t o  a . Look a t  

' t h e  func t ion  6 :  X -+ RWOLdefined by 6(x) = It6 (x ). This  func t ion  
A A "  

i s  a p p r o p r i a t e l y  considered a s  a n  information system. 

flowing through i t ,  t h e  f i l t e r s  and aggregat ion-  imposed, are a l l  p a r t  

The d a t a  

of t h e  information systemrdeslgn. Now r e s p e c i f y  t h e  o l d  impression 

func t ion  1ia 2s follows: 
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In t h e  new form, a sees, two t h i n g s ,  xa and &"(xu). Of t h e s e  

Aa(x"> is  what h e  is  t o l d  about x?. From a l l  t h i s ,  ha o b t a i n s  

an impression ha (x"). This impression is t h e  a-exclusive behavior  

which a then b a s e s  h i s  choice of behavior on. 
- 

Now i f  ha i s  given as  a parameter of 01, ha can b e  inf luenced 

by a l t e r i n g  6, . 
b e  a l t e r e d  by a l t e r i n g  6,  t he  information system. This a l ters  

t h e  choice of  behavior ,  t h e  e a u i l i b r i a ,  and s o  on. 

That is t o  say ,  h ,  t h e  impression scheme, can 

The above i n d i c a t e s  a f u r t h e r  d i r e c t i o n  i n  which t h e  model 

used i n  t h i s  s tudy  can b e  extended, and i d e n t i f i e s  a f u r t h e r  

form of  in fo rma t i ana l  c o n t r o l ,  t h a t  is ,  c o n t r o l  v ia  t h e  

information svstem. It i s  easy t o  see how t h e  s p e c i f i c a t i o n  of 

t he  i n t e r p r e t a t i o n  scheme could b e  modifed a l s o  i n  similar 

f a sh ion .  

F i n a l l y ,  t h e  above d i scuss ion  can now be  used t o  i n d i c a t e  

a f u r t h e r  extension of t h e  model, towards mult i - level  s o c i a l  systems. 

For consider  now t h e  f a c t  t h a t  t h e r e  are many people who a l r e a d y  

r e a l i z e  t h a t  a s o c i a l  system can be  controliLed i n  t h e  ways 

desc r ibed  above, each imposing an i n c e n t i v e  scheme, s o c i a l i z a t i o n  

process  o r  information system. It is p o s s i b l e  t o  view t h e  behaviors  

of t h e s e  c o n t r o l l i n g  agen t s  as p o i n t s  i n  s u i t a b l e  func t ion  spaces ,  

and t h e  agen t s  themselves 'as behavors i n  a "second-level' ' s o c i a l  
i. _ -  
_ I  
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system, a f f e c t i n g  t h e  behavior  of t h e  underlying s o c i a l  system. 

It is p o s s i b l e ,  t h e r e f o r e ,  t o  c a r r y  o u t  a n  a n a l y s i s  of  t h i s  second 
. 

l e v e l  as one d i d  of t h e  f i r s t ,  and to  i n v e s t i g a t e  how t h e  two 

levels relate. For example;.how do t h e  r e s p e c t i v e  e q u i l i b r i a  

r e l a t e ?  "Hierarchical"  s o c i a l  systems thus become an extension of 

t h e  ones considered he re .  . 

I *  

This  concludes t h e  p re sen t  d i s c o u r s e  on how t o  f r u i t f u l l y  

extend t h e  p re sen t  model; Now is t h e  t i m e  t o  begin t h e  

i n v e s t i g a t i o n s  ind ica t ed .  

r. -.-. 
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